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Table 4.4 The eighth-order mass-dependent QED contribution from 11 gauge-invariant groups to
muon g − 2 [46], whose representatives are shown in Fig. 4.5. The mass-dependence of A(8)

3µ is

A(8)
3µ (mµ/me,mµ/mτ )

Group A(8)
2µ (mµ/me) A(8)

2µ (mµ/mτ ) A(8)
3µ

I(a) 7.74547 (42) 0.000032 (0) 0.003209 (0)

I(b) 7.58201 (71) 0.000252 (0) 0.002611 (0)

I(c) 1.624307 (40) 0.000737 (0) 0.001811 (0)

I(d) −0.22982 (37) 0.000368 (0) 0.000000 (0)

II(a) −2.77888 (38) −0.007329 (1) 0.000000 (0)

II(b) −4.55277 (30) −0.002036 (0) −0.009008 (1)

II(c) −9.34180 (83) −0.005246 (1) −0.019642 (2)

III 10.7934 (27) 0.04504 (14) 0

IV(a) 123.78551 (44) 0.038513 (11) 0.083739 (36)

IV(b) −0.4170 (37) 0.006106 (31) 0

IV(c) 2.9072 (44) −0.01823 (11) 0

IV(d) −4.43243 (58) −0.015868 (37) 0

Sum 132.6852 (65) 0.04234 (10) 0.06272 (4)

(18) (18) (2072) (120) (18) (2)

Fig. 4.11 Some typical tenth order contributions to aℓ including fermion loops. In brackets the
number of diagrams of the given type

4.1.5 Five–Loop QED Contribution

Here the number of diagrams (see Fig. 4.11) is in the 10 000. Alone the universal A(10)
1

term has contributions from 12 672 diagrams. The latter are grouped into six gauge-
invariant sets I–VI, which are further subdivided into 32 gauge-invariant subsets
depending on the type of lepton loops involved. Set V is the set without closed
lepton loops. It is the largest and most difficult set to evaluate consisting of 6354
diagrams, and has been accurately evaluated only recently by Aoyama et al. [48].
The 31 sets with closed lepton loops consist of 6318 vertex diagrams and have
been presented in Refs. [76–85]. The results of all ten subsets of Set I have been
confirmed by Ref. [86, 87] by analytic and/or semi-analytic methods (see Table4.10).
The five-loop contribution originally was evaluated using renormalization group
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Table 5.7 Higher order contributions from diagrams (a)–(c) (in units 10−11)

a(2a)µ a(2b)µ a(2c)µ ahad(2)µ Ref.

–199 (4) 107 (3) 2.3 (0.6) –90 (5) [108]

–211 (5) 107 (2) 2.7 (0.1) –101 (6) [202]

–209 (4) 106 (2) 2.7 (1.0) –100 (5) [11]

–207.3 (1.9) 106.0 (0.9) 3.4 (0.1) –98 (1) [117]

–207.5 (2.0) 104.2 (0.9) 3.0 (0.1) –100.3 (2.2) [15]

–206.13 (1.30) 103.49 (0.63) 3.37 (0.05) –99.27 (0.67) [6, 88]

(a) 3a (b) 3b (c) 3b (d) 3c

(e) 3c (f) 3c (g) 3b,lbl (h) 3d

Fig. 5.45 A sample of leading NNLO hadronic vacuum polarization diagrams

FSR, the latter is included already in the data and no additional contribution has to
be taken into account. In more recent analyses this contribution is usually included
in the leading hadronic contribution (5.29) as the π+π−γ channel (see Table5.3).

Results obtained by different groups, for so far unaccounted higher order vacuum
polarization effects, are collected in Table5.7. We will adopt the estimate

ahad(2)µ = (−99.27± 0.67) × 10−11 (5.132)

obtained with the compilation [16]. For the electron only group (2a) yields a signif-
icant contribution [202]: a(2a)e = −0.2210(12) × 10−11.

5.1.13 Next-to-Next Leading Order Hadronic Contributions

Recently the next-to-next-to-leading order (NNLO), O(α4), HVP contributions have
been evaluated for the first time by [206–208] (see also [209]). The relevant kernels
have been calculated by appropriate asymptotic expansion methods. The kernels
have been calculated for the following groups of diagrams displayed in Fig. 5.45:

• K(3a): one hadronic insertion; up to two additional photons to the LO Feynman
diagram; contains also the contributions with one or two closed muon loops and
the light-by-light-type diagram with a closed muon loop.
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Fig. 4.19 Some of the relevant electroweak two–loop diagrams exhibiting closed fermion loops
in the unitary gauge, f = (νe, νµ, ντ , ) e,µ, τ , u, c, t, d, s, b with weak doublet partners f ′ =
(e,µ, τ , ) νe, νµ, ντ , d, s, b, u, c, t of course the neutrinos (in brackets) do not couple directly to
the photon and hence are absent in the triangular subgraphs

γWW amplitudes do not vanish. In fact for the γWW triangle charge conservation
only allows one orientation of the fermion loop.

Diagrams (a) and (b), with an internal photon, appear enhanced by a large loga-
rithm. In fact the lepton loops contributing to the γγZ vertex lead to corrections

a(4) EW
µ ([ f ]) ≃

√
2Gµ m2

µ

16π2

α

π
2T3 f Ncf Q2

f

[
3 ln

M2
Z

m2
f ′
+ C f

]
(4.51)

in which m f ′ = mµ if m f ≤ mµ and m f ′ = m f if m f > mµ and

C f =

⎧
⎨

⎩

5/2 for m f < mµ

11/6 − 8/9 π2 for m f = mµ

−6 for m f > mµ .

For an individual fermion f the contribution is proportional to Ncf Q2
f a f . In [144]

only lepton loops were taken into account, and it is well known that the triangular
subdiagram has an Adler–Bell–Jackiw (ABJ) or VVA anomaly [145], which cancels
if all fermions are included. The anomaly cancellation is mandatory in a renormal-
izable theory and it forces the fermions in the SM to come in families of leptons
and quarks [146]. The latter compensate the anomaly of the former. The cancellation
condition of the SM reads

∑
f
Ncf Q2

f a f = 0 , (4.52)

and such a cancellation is expected also for the leading short distance logarithms
proportional to ln MZ and in fact this has been checked to happen on the level of the
quark parton model (QPM) for the 1st and 2nd fermion family [147, 148].

Assuming dressed constituent quarks masses Mu,Md > mµ, the QPM result for
the first family reads [148]
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on the expense of an extra contribution from the circle. In [196] p(s) is chosen to be
of the form p(s) = a + b s and on the circle Π̂ ′

γ(s)||s|=s1 is approximated byΠOPE(s)
which is proportional to (5.22) (see Sect. 5.1.6): e2 ΠOPE(s) = Π ′NP

γ (s = −Q2). By
this the available information on R(s) in the interval I gets erased (suppressed by a
factor 2.5) and gets transported onto the circle as a weight factor which multiplies
ΠOPE, a quantity which is not well determined as we learn from Fig. 5.18 and the
discussion there. Even so the information on R(s) in the interval I is unsatisfactory,
it is hard to belief that suppressing the available true information at the end should
provide a more reliable estimate of ahad,LOµ (s1).

5.1.12 Hadronic Higher Order Contributions

At next-to-leading (NLO) order, O(α3), there are several classes of hadronic con-
tributions with typical diagrams shown in Fig. 5.43. They have been estimated first
in [105]. Classes (a) to (c) involve leading HVP insertions and may be treated using
DRs together with experimental e+e−–annihilation data. Class (d) involves lead-
ing QED corrections of the charged hadrons and related problems were discussed
at the end of Sect. 5.1.7 on p. 379, already. The last class (e) is a new class of
non–perturbative contributions, the hadronic light–by–light scatteringwhich is con-
strained by experimental data only for one exceptional line of phase space. The
evaluation of this contribution is particularly difficult and it will be discussed in the
next section.

The O(α3) hadronic contributions from classes (a), (b) and (c) may be evaluated
without particular problems as described in the following.

At the three–loop level all diagrams of Fig. 4.3 which involve closed muon–loops
are contributing to the hadronic corrections when at least one muon–loop is replaced
by a quark–loop dressed by strong interactions mediated by virtual gluons.

(a) (b) (c)

(d) (e)

Fig. 5.43 Hadronic higher order contributions: a–c involving LO vacuum polarization, d involving
HO vacuum polarization and e involving light-by-light scattering
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Table 4.4 The eighth-order mass-dependent QED contribution from 11 gauge-invariant groups to
muon g − 2 [46], whose representatives are shown in Fig. 4.5. The mass-dependence of A(8)

3µ is

A(8)
3µ (mµ/me,mµ/mτ )

Group A(8)
2µ (mµ/me) A(8)

2µ (mµ/mτ ) A(8)
3µ

I(a) 7.74547 (42) 0.000032 (0) 0.003209 (0)

I(b) 7.58201 (71) 0.000252 (0) 0.002611 (0)

I(c) 1.624307 (40) 0.000737 (0) 0.001811 (0)

I(d) −0.22982 (37) 0.000368 (0) 0.000000 (0)

II(a) −2.77888 (38) −0.007329 (1) 0.000000 (0)

II(b) −4.55277 (30) −0.002036 (0) −0.009008 (1)

II(c) −9.34180 (83) −0.005246 (1) −0.019642 (2)

III 10.7934 (27) 0.04504 (14) 0

IV(a) 123.78551 (44) 0.038513 (11) 0.083739 (36)

IV(b) −0.4170 (37) 0.006106 (31) 0

IV(c) 2.9072 (44) −0.01823 (11) 0

IV(d) −4.43243 (58) −0.015868 (37) 0

Sum 132.6852 (65) 0.04234 (10) 0.06272 (4)

(18) (18) (2072) (120) (18) (2)

Fig. 4.11 Some typical tenth order contributions to aℓ including fermion loops. In brackets the
number of diagrams of the given type

4.1.5 Five–Loop QED Contribution

Here the number of diagrams (see Fig. 4.11) is in the 10 000. Alone the universal A(10)
1

term has contributions from 12 672 diagrams. The latter are grouped into six gauge-
invariant sets I–VI, which are further subdivided into 32 gauge-invariant subsets
depending on the type of lepton loops involved. Set V is the set without closed
lepton loops. It is the largest and most difficult set to evaluate consisting of 6354
diagrams, and has been accurately evaluated only recently by Aoyama et al. [48].
The 31 sets with closed lepton loops consist of 6318 vertex diagrams and have
been presented in Refs. [76–85]. The results of all ten subsets of Set I have been
confirmed by Ref. [86, 87] by analytic and/or semi-analytic methods (see Table4.10).
The five-loop contribution originally was evaluated using renormalization group
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Table 5.7 Higher order contributions from diagrams (a)–(c) (in units 10−11)

a(2a)µ a(2b)µ a(2c)µ ahad(2)µ Ref.

–199 (4) 107 (3) 2.3 (0.6) –90 (5) [108]

–211 (5) 107 (2) 2.7 (0.1) –101 (6) [202]

–209 (4) 106 (2) 2.7 (1.0) –100 (5) [11]

–207.3 (1.9) 106.0 (0.9) 3.4 (0.1) –98 (1) [117]

–207.5 (2.0) 104.2 (0.9) 3.0 (0.1) –100.3 (2.2) [15]

–206.13 (1.30) 103.49 (0.63) 3.37 (0.05) –99.27 (0.67) [6, 88]
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Fig. 5.45 A sample of leading NNLO hadronic vacuum polarization diagrams

FSR, the latter is included already in the data and no additional contribution has to
be taken into account. In more recent analyses this contribution is usually included
in the leading hadronic contribution (5.29) as the π+π−γ channel (see Table5.3).

Results obtained by different groups, for so far unaccounted higher order vacuum
polarization effects, are collected in Table5.7. We will adopt the estimate

ahad(2)µ = (−99.27± 0.67) × 10−11 (5.132)

obtained with the compilation [16]. For the electron only group (2a) yields a signif-
icant contribution [202]: a(2a)e = −0.2210(12) × 10−11.

5.1.13 Next-to-Next Leading Order Hadronic Contributions

Recently the next-to-next-to-leading order (NNLO), O(α4), HVP contributions have
been evaluated for the first time by [206–208] (see also [209]). The relevant kernels
have been calculated by appropriate asymptotic expansion methods. The kernels
have been calculated for the following groups of diagrams displayed in Fig. 5.45:

• K(3a): one hadronic insertion; up to two additional photons to the LO Feynman
diagram; contains also the contributions with one or two closed muon loops and
the light-by-light-type diagram with a closed muon loop.
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(e,µ, τ , ) νe, νµ, ντ , d, s, b, u, c, t of course the neutrinos (in brackets) do not couple directly to
the photon and hence are absent in the triangular subgraphs

γWW amplitudes do not vanish. In fact for the γWW triangle charge conservation
only allows one orientation of the fermion loop.

Diagrams (a) and (b), with an internal photon, appear enhanced by a large loga-
rithm. In fact the lepton loops contributing to the γγZ vertex lead to corrections

a(4) EW
µ ([ f ]) ≃

√
2Gµ m2

µ

16π2

α

π
2T3 f Ncf Q2

f

[
3 ln

M2
Z

m2
f ′
+ C f

]
(4.51)

in which m f ′ = mµ if m f ≤ mµ and m f ′ = m f if m f > mµ and

C f =

⎧
⎨

⎩

5/2 for m f < mµ

11/6 − 8/9 π2 for m f = mµ

−6 for m f > mµ .

For an individual fermion f the contribution is proportional to Ncf Q2
f a f . In [144]

only lepton loops were taken into account, and it is well known that the triangular
subdiagram has an Adler–Bell–Jackiw (ABJ) or VVA anomaly [145], which cancels
if all fermions are included. The anomaly cancellation is mandatory in a renormal-
izable theory and it forces the fermions in the SM to come in families of leptons
and quarks [146]. The latter compensate the anomaly of the former. The cancellation
condition of the SM reads

∑
f
Ncf Q2

f a f = 0 , (4.52)

and such a cancellation is expected also for the leading short distance logarithms
proportional to ln MZ and in fact this has been checked to happen on the level of the
quark parton model (QPM) for the 1st and 2nd fermion family [147, 148].

Assuming dressed constituent quarks masses Mu,Md > mµ, the QPM result for
the first family reads [148]
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on the expense of an extra contribution from the circle. In [196] p(s) is chosen to be
of the form p(s) = a + b s and on the circle Π̂ ′

γ(s)||s|=s1 is approximated byΠOPE(s)
which is proportional to (5.22) (see Sect. 5.1.6): e2 ΠOPE(s) = Π ′NP

γ (s = −Q2). By
this the available information on R(s) in the interval I gets erased (suppressed by a
factor 2.5) and gets transported onto the circle as a weight factor which multiplies
ΠOPE, a quantity which is not well determined as we learn from Fig. 5.18 and the
discussion there. Even so the information on R(s) in the interval I is unsatisfactory,
it is hard to belief that suppressing the available true information at the end should
provide a more reliable estimate of ahad,LOµ (s1).

5.1.12 Hadronic Higher Order Contributions

At next-to-leading (NLO) order, O(α3), there are several classes of hadronic con-
tributions with typical diagrams shown in Fig. 5.43. They have been estimated first
in [105]. Classes (a) to (c) involve leading HVP insertions and may be treated using
DRs together with experimental e+e−–annihilation data. Class (d) involves lead-
ing QED corrections of the charged hadrons and related problems were discussed
at the end of Sect. 5.1.7 on p. 379, already. The last class (e) is a new class of
non–perturbative contributions, the hadronic light–by–light scatteringwhich is con-
strained by experimental data only for one exceptional line of phase space. The
evaluation of this contribution is particularly difficult and it will be discussed in the
next section.

The O(α3) hadronic contributions from classes (a), (b) and (c) may be evaluated
without particular problems as described in the following.

At the three–loop level all diagrams of Fig. 4.3 which involve closed muon–loops
are contributing to the hadronic corrections when at least one muon–loop is replaced
by a quark–loop dressed by strong interactions mediated by virtual gluons.
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Fig. 5.43 Hadronic higher order contributions: a–c involving LO vacuum polarization, d involving
HO vacuum polarization and e involving light-by-light scattering
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We determine the contribution to the anomalous magnetic moment of the muon from the ↵2
QED

hadronic vacuum polarization diagram using full lattice QCD and including u/d quarks with physical
masses for the first time. We use gluon field configurations that include u, d, s and c quarks in the
sea at multiple values of the lattice spacing, multiple u/d masses and multiple volumes that allow us
to include an analysis of finite-volume e↵ects. We obtain a result for aHVP,LO

µ of 667(6)(12)⇥ 10�10,
where the first error is from the lattice calculation and the second includes systematic errors from
missing QED and isospin-breaking e↵ects and from quark-line disconnected diagrams. Our result
implies a discrepancy between the experimental determination of aµ and the Standard Model of 3�.

I. INTRODUCTION

The muon’s gyromagnetic ratio gµ is known ex-
perimentally with extremely high accuracy: its mag-
netic anomaly, aµ ⌘ (gµ � 2)/2, has been measured
to 0.5 ppm [1] and a new experiment aims to reduce that
uncertainty to 0.14 ppm [2]. By comparing these results
with Standard Model predictions, we can use the muon’s
anomaly to search for indirect evidence of new physics
beyond the mass range directly accessible at the Large
Hadron Collider. There are tantalizing hints of a discrep-
ancy between theory and experiment — the di↵erence is
currently 2.2(7) ppm [3] — but more precision is needed.
In particular the Standard Model prediction, which cur-
rently is known to about 0.4 ppm [3], must be substan-
tially improved in order to match the expected improve-
ment from experiment.

The largest theoretical uncertainty in aµ comes from
the vacuum polarization of hadronic matter (quarks and
gluons) as illustrated in Figure 1. This contribution
has been estimated to a little better than 1% (which
is 0.6 ppm of aµ) from experimental data on e

+
e

� !
hadrons and ⌧ decay [4–8], but much recent work [9–
18] has focused on a completely di↵erent approach, us-
ing Monte Carlo simulations of lattice QCD [19], which
promises to deliver smaller errors in the future.

In an earlier paper [14], we introduced a new technique
for the lattice QCD analyses that allowed us to calculate
the s quark’s vacuum-polarization contribution from Fig-
ure 1 with a precision of 1% for the first time. Here we
extend that analysis to the much more important (and
di�cult to analyze) case of u and d quarks, allowing us to
obtain the complete contribution from hadronic vacuum

⇤
christine.davies@glasgow.ac.uk

†
URL: http://www.physics.gla.ac.uk/HPQCD

µ

q

q

FIG. 1: The ↵2
QED hadronic vacuum polarization contribu-

tion to the muon anomalous magnetic moment is represented
as a shaded blob inserted into the photon propagator (rep-
resented by a wavy line) that corrects the point-like photon-
muon coupling at the top of the diagram.

polarization at ↵

2
QED. We achieve a precision of 2%, for

the first time from lattice QCD. A large part of our un-
certainty is from QED, isospin breaking and quark-line
disconnected e↵ects that were not included in the simu-
lations, but will be in future simulations. The remaining
systematic errors add up to only 1%. A detailed analysis
of these systematic errors allows us to map out a strat-
egy for reducing lattice QCD errors well below 1% using
computing resources that are substantial but currently
available.

II. LATTICE QCD CALCULATION

Almost all of the hadronic vacuum polarization contri-
bution (HVP) comes from connected diagrams with the
structure shown in Figure 1: the photon creates a quark
and antiquark which propagate, while interacting with
each other, and eventually annihilate back into a pho-
ton. Here we analyze the case where the photon creates
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Table 4.4 The eighth-order mass-dependent QED contribution from 11 gauge-invariant groups to
muon g − 2 [46], whose representatives are shown in Fig. 4.5. The mass-dependence of A(8)

3µ is

A(8)
3µ (mµ/me,mµ/mτ )

Group A(8)
2µ (mµ/me) A(8)

2µ (mµ/mτ ) A(8)
3µ

I(a) 7.74547 (42) 0.000032 (0) 0.003209 (0)

I(b) 7.58201 (71) 0.000252 (0) 0.002611 (0)

I(c) 1.624307 (40) 0.000737 (0) 0.001811 (0)

I(d) −0.22982 (37) 0.000368 (0) 0.000000 (0)

II(a) −2.77888 (38) −0.007329 (1) 0.000000 (0)

II(b) −4.55277 (30) −0.002036 (0) −0.009008 (1)

II(c) −9.34180 (83) −0.005246 (1) −0.019642 (2)

III 10.7934 (27) 0.04504 (14) 0

IV(a) 123.78551 (44) 0.038513 (11) 0.083739 (36)

IV(b) −0.4170 (37) 0.006106 (31) 0

IV(c) 2.9072 (44) −0.01823 (11) 0

IV(d) −4.43243 (58) −0.015868 (37) 0

Sum 132.6852 (65) 0.04234 (10) 0.06272 (4)

(18) (18) (2072) (120) (18) (2)

Fig. 4.11 Some typical tenth order contributions to aℓ including fermion loops. In brackets the
number of diagrams of the given type

4.1.5 Five–Loop QED Contribution

Here the number of diagrams (see Fig. 4.11) is in the 10 000. Alone the universal A(10)
1

term has contributions from 12 672 diagrams. The latter are grouped into six gauge-
invariant sets I–VI, which are further subdivided into 32 gauge-invariant subsets
depending on the type of lepton loops involved. Set V is the set without closed
lepton loops. It is the largest and most difficult set to evaluate consisting of 6354
diagrams, and has been accurately evaluated only recently by Aoyama et al. [48].
The 31 sets with closed lepton loops consist of 6318 vertex diagrams and have
been presented in Refs. [76–85]. The results of all ten subsets of Set I have been
confirmed by Ref. [86, 87] by analytic and/or semi-analytic methods (see Table4.10).
The five-loop contribution originally was evaluated using renormalization group
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Table 5.7 Higher order contributions from diagrams (a)–(c) (in units 10−11)

a(2a)µ a(2b)µ a(2c)µ ahad(2)µ Ref.

–199 (4) 107 (3) 2.3 (0.6) –90 (5) [108]

–211 (5) 107 (2) 2.7 (0.1) –101 (6) [202]

–209 (4) 106 (2) 2.7 (1.0) –100 (5) [11]

–207.3 (1.9) 106.0 (0.9) 3.4 (0.1) –98 (1) [117]

–207.5 (2.0) 104.2 (0.9) 3.0 (0.1) –100.3 (2.2) [15]

–206.13 (1.30) 103.49 (0.63) 3.37 (0.05) –99.27 (0.67) [6, 88]

(a) 3a (b) 3b (c) 3b (d) 3c

(e) 3c (f) 3c (g) 3b,lbl (h) 3d

Fig. 5.45 A sample of leading NNLO hadronic vacuum polarization diagrams

FSR, the latter is included already in the data and no additional contribution has to
be taken into account. In more recent analyses this contribution is usually included
in the leading hadronic contribution (5.29) as the π+π−γ channel (see Table5.3).

Results obtained by different groups, for so far unaccounted higher order vacuum
polarization effects, are collected in Table5.7. We will adopt the estimate

ahad(2)µ = (−99.27± 0.67) × 10−11 (5.132)

obtained with the compilation [16]. For the electron only group (2a) yields a signif-
icant contribution [202]: a(2a)e = −0.2210(12) × 10−11.

5.1.13 Next-to-Next Leading Order Hadronic Contributions

Recently the next-to-next-to-leading order (NNLO), O(α4), HVP contributions have
been evaluated for the first time by [206–208] (see also [209]). The relevant kernels
have been calculated by appropriate asymptotic expansion methods. The kernels
have been calculated for the following groups of diagrams displayed in Fig. 5.45:

• K(3a): one hadronic insertion; up to two additional photons to the LO Feynman
diagram; contains also the contributions with one or two closed muon loops and
the light-by-light-type diagram with a closed muon loop.

296 4 Electromagnetic and Weak Radiative Corrections

γ Z
f

µ µ

γ

µ
f

γ

γ Z µ
f

γ

Z Z

W
Wf

f ′

µ νµ

γ

W Wf ′
f

µ νµ

γ

H γ, Z
t

µ µ

γ

(a) (b) (c)

(d) (e) (f)

Fig. 4.19 Some of the relevant electroweak two–loop diagrams exhibiting closed fermion loops
in the unitary gauge, f = (νe, νµ, ντ , ) e,µ, τ , u, c, t, d, s, b with weak doublet partners f ′ =
(e,µ, τ , ) νe, νµ, ντ , d, s, b, u, c, t of course the neutrinos (in brackets) do not couple directly to
the photon and hence are absent in the triangular subgraphs

γWW amplitudes do not vanish. In fact for the γWW triangle charge conservation
only allows one orientation of the fermion loop.

Diagrams (a) and (b), with an internal photon, appear enhanced by a large loga-
rithm. In fact the lepton loops contributing to the γγZ vertex lead to corrections

a(4) EW
µ ([ f ]) ≃

√
2Gµ m2

µ

16π2

α

π
2T3 f Ncf Q2

f

[
3 ln

M2
Z

m2
f ′
+ C f

]
(4.51)

in which m f ′ = mµ if m f ≤ mµ and m f ′ = m f if m f > mµ and

C f =

⎧
⎨

⎩

5/2 for m f < mµ

11/6 − 8/9 π2 for m f = mµ

−6 for m f > mµ .

For an individual fermion f the contribution is proportional to Ncf Q2
f a f . In [144]

only lepton loops were taken into account, and it is well known that the triangular
subdiagram has an Adler–Bell–Jackiw (ABJ) or VVA anomaly [145], which cancels
if all fermions are included. The anomaly cancellation is mandatory in a renormal-
izable theory and it forces the fermions in the SM to come in families of leptons
and quarks [146]. The latter compensate the anomaly of the former. The cancellation
condition of the SM reads

∑
f
Ncf Q2

f a f = 0 , (4.52)

and such a cancellation is expected also for the leading short distance logarithms
proportional to ln MZ and in fact this has been checked to happen on the level of the
quark parton model (QPM) for the 1st and 2nd fermion family [147, 148].

Assuming dressed constituent quarks masses Mu,Md > mµ, the QPM result for
the first family reads [148]
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on the expense of an extra contribution from the circle. In [196] p(s) is chosen to be
of the form p(s) = a + b s and on the circle Π̂ ′

γ(s)||s|=s1 is approximated byΠOPE(s)
which is proportional to (5.22) (see Sect. 5.1.6): e2 ΠOPE(s) = Π ′NP

γ (s = −Q2). By
this the available information on R(s) in the interval I gets erased (suppressed by a
factor 2.5) and gets transported onto the circle as a weight factor which multiplies
ΠOPE, a quantity which is not well determined as we learn from Fig. 5.18 and the
discussion there. Even so the information on R(s) in the interval I is unsatisfactory,
it is hard to belief that suppressing the available true information at the end should
provide a more reliable estimate of ahad,LOµ (s1).

5.1.12 Hadronic Higher Order Contributions

At next-to-leading (NLO) order, O(α3), there are several classes of hadronic con-
tributions with typical diagrams shown in Fig. 5.43. They have been estimated first
in [105]. Classes (a) to (c) involve leading HVP insertions and may be treated using
DRs together with experimental e+e−–annihilation data. Class (d) involves lead-
ing QED corrections of the charged hadrons and related problems were discussed
at the end of Sect. 5.1.7 on p. 379, already. The last class (e) is a new class of
non–perturbative contributions, the hadronic light–by–light scatteringwhich is con-
strained by experimental data only for one exceptional line of phase space. The
evaluation of this contribution is particularly difficult and it will be discussed in the
next section.

The O(α3) hadronic contributions from classes (a), (b) and (c) may be evaluated
without particular problems as described in the following.

At the three–loop level all diagrams of Fig. 4.3 which involve closed muon–loops
are contributing to the hadronic corrections when at least one muon–loop is replaced
by a quark–loop dressed by strong interactions mediated by virtual gluons.

(a) (b) (c)

(d) (e)

Fig. 5.43 Hadronic higher order contributions: a–c involving LO vacuum polarization, d involving
HO vacuum polarization and e involving light-by-light scattering
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We determine the contribution to the anomalous magnetic moment of the muon from the ↵2
QED

hadronic vacuum polarization diagram using full lattice QCD and including u/d quarks with physical
masses for the first time. We use gluon field configurations that include u, d, s and c quarks in the
sea at multiple values of the lattice spacing, multiple u/d masses and multiple volumes that allow us
to include an analysis of finite-volume e↵ects. We obtain a result for aHVP,LO

µ of 667(6)(12)⇥ 10�10,
where the first error is from the lattice calculation and the second includes systematic errors from
missing QED and isospin-breaking e↵ects and from quark-line disconnected diagrams. Our result
implies a discrepancy between the experimental determination of aµ and the Standard Model of 3�.

I. INTRODUCTION

The muon’s gyromagnetic ratio gµ is known ex-
perimentally with extremely high accuracy: its mag-
netic anomaly, aµ ⌘ (gµ � 2)/2, has been measured
to 0.5 ppm [1] and a new experiment aims to reduce that
uncertainty to 0.14 ppm [2]. By comparing these results
with Standard Model predictions, we can use the muon’s
anomaly to search for indirect evidence of new physics
beyond the mass range directly accessible at the Large
Hadron Collider. There are tantalizing hints of a discrep-
ancy between theory and experiment — the di↵erence is
currently 2.2(7) ppm [3] — but more precision is needed.
In particular the Standard Model prediction, which cur-
rently is known to about 0.4 ppm [3], must be substan-
tially improved in order to match the expected improve-
ment from experiment.

The largest theoretical uncertainty in aµ comes from
the vacuum polarization of hadronic matter (quarks and
gluons) as illustrated in Figure 1. This contribution
has been estimated to a little better than 1% (which
is 0.6 ppm of aµ) from experimental data on e

+
e

� !
hadrons and ⌧ decay [4–8], but much recent work [9–
18] has focused on a completely di↵erent approach, us-
ing Monte Carlo simulations of lattice QCD [19], which
promises to deliver smaller errors in the future.

In an earlier paper [14], we introduced a new technique
for the lattice QCD analyses that allowed us to calculate
the s quark’s vacuum-polarization contribution from Fig-
ure 1 with a precision of 1% for the first time. Here we
extend that analysis to the much more important (and
di�cult to analyze) case of u and d quarks, allowing us to
obtain the complete contribution from hadronic vacuum

⇤
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†
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FIG. 1: The ↵2
QED hadronic vacuum polarization contribu-

tion to the muon anomalous magnetic moment is represented
as a shaded blob inserted into the photon propagator (rep-
resented by a wavy line) that corrects the point-like photon-
muon coupling at the top of the diagram.

polarization at ↵

2
QED. We achieve a precision of 2%, for

the first time from lattice QCD. A large part of our un-
certainty is from QED, isospin breaking and quark-line
disconnected e↵ects that were not included in the simu-
lations, but will be in future simulations. The remaining
systematic errors add up to only 1%. A detailed analysis
of these systematic errors allows us to map out a strat-
egy for reducing lattice QCD errors well below 1% using
computing resources that are substantial but currently
available.

II. LATTICE QCD CALCULATION

Almost all of the hadronic vacuum polarization contri-
bution (HVP) comes from connected diagrams with the
structure shown in Figure 1: the photon creates a quark
and antiquark which propagate, while interacting with
each other, and eventually annihilate back into a pho-
ton. Here we analyze the case where the photon creates
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Fig. 29. Hadronic higher order VP contributions: a)-c) involving LO vacuum polarization, d) involving HO vacuum polarization
(FSR of hadrons).

perturbative QCD prediction. Less problematic is the space–like (Euclidean) region −q2 → ∞, since it is
away from thresholds and resonances.

The time–like quantity R(s) intrinsically is non-perturbative and exhibits bound states, resonances, in-
stanton effects (η′) and in particular the hadronization of the quarks. In applying pQCD to describe real
physical cross–sections of hadro–production one needs a “rule” which bridges the asymptotic freedom regime
with the confinement regime, since the hadronization of the colored partons produced in the hard kicks into
color singlet hadrons eludes a quantitative understanding. The rule is referred to as quark hadron dual-
ity 15 [231,232], which states that for large s the average non–perturbative hadron cross–section equals the
perturbative quark cross–section:

σ(e+e− → hadrons)(s) ≃
!

q
σ(e+e− → qq̄, qq̄g, · · ·)(s) , (129)

where the averaging extends from the hadron production threshold up to s–values which must lie sufficiently
far above the quark–pair production threshold (global duality). Qualitatively, such a behavior is visible in
the data Fig. 22 above about 2 GeV between the different flavor thresholds sufficiently above the lower
threshold. A glance at the region from 4 to 5 GeV gives a good flavor of duality at work. Note however that
for precise reliable predictions it has not yet been possible to quantify the accuracy of the duality conjecture.
A quantitative check would require much more precise cross–section measurements than the ones available
today. Ideally, one should attempt to reach the accuracy of pQCD predictions. In addition, in dispersion
integrals the cross–sections are weighted by different s–dependent kernels, while the duality statement is
claimed to hold for weight unity. One procedure definitely is contradicting duality reasonings: to “take pQCD
plus resonances” or to “take pQCD where R(s) is smooth and data in the complementary ranges”. Also
adjusting the normalization of experimental data to conform with pQCD within energy intervals (assuming
local duality) has no solid foundation. Nevertheless, the application of pQCD in the regions advocated
in [229] seems to be on fairly solid ground on a phenomenological level. A more conservative use of pQCD
is possible by going to the Euclidean region and applying the Adler function [233] method as proposed in
Refs. [234,165,235]. As mentioned earlier, the low energy structure of QCD also exhibits non–perturbative
quark condensates. The latter also yield contributions to R(s), which for large energies are calculable by the
operator product expansion of the current correlator Eq. (64) [236]. The corresponding ⟨mq q̄q⟩/s2 power
corrections in fact are small at energies where pQCD applies [234,82] and hence not a problem in our context.

4.2. Higher Order Hadronic Vacuum Polarization Corrections

At order O(α3) there are several classes of hadronic VP contributions with typical diagrams shown in
Fig. 29. They have been estimated first in [187]. Classes (a) to (c) involve leading hadronic VP insertions and
may be treated using DRs together with experimental e+e−–annihilation data. Class (d) involves leading
QED corrections of the charged hadrons and correspond to the inclusion of hadronic final state radiation
(FSR).

The O(α3) hadronic contributions from classes (a), (b) and (c) may be evaluated without particular
problems as described in the following.

15Quark–hadron duality was first observed phenomenologically for the structure function in deep inelastic electron–proton
scattering [230].
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Given the present exper. and theor. (LQCD) accuracy,  an important source of 
uncertainty are long distance electromagnetic and SU(2) breaking corrections
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Fig. 10. The universal third order contribution to aµ. All fermion loops here are muon–loops. Graphs 1) to 6) are the light–by—
light scattering diagrams. Graphs 7) to 22) include photon vacuum polarization insertions. All non–universal contributions follow
by replacing at least one muon in a closed loop by some other fermion.

set of diagrams Fig. 12. The latter 518 diagrams without fermion loops also are responsible for the largest
part of the uncertainty in Eq. (52). Note that the universal O(α4) contribution is sizable, about 6 standard
deviations at current experimental accuracy, and a precise knowledge of this term is absolutely crucial for
the comparison between theory and experiment.
• The universal 5–loop QED contribution is still largely unknown. Using the recipe proposed in Ref. [37],
one obtains the following bound

A(10)
1 = 0.0(4.6) , (53)

for the universal part as an estimate for the missing higher order terms.
As a result the universal QED contribution may be written as

auni
ℓ = 0.5

!α

π

"

− 0.328 478 965 579 193 78 . . .
!α

π

"2

+1.181 241 456 587 . . .
!α

π

"3
− 1.9144(35)

!α

π

"4
+ 0.0(4.6)

!α

π

"5

23

δaµ
HVP ~ 39 1( ) ⋅10−11
estimate in sQED

K. Melnikov, 2001
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QED

hadronic vacuum polarization diagram using full lattice QCD and including u/d quarks with physical
masses for the first time. We use gluon field configurations that include u, d, s and c quarks in the
sea at multiple values of the lattice spacing, multiple u/d masses and multiple volumes that allow us
to include an analysis of finite-volume e↵ects. We obtain a result for aHVP,LO

µ of 667(6)(12)⇥ 10�10,
where the first error is from the lattice calculation and the second includes systematic errors from
missing QED and isospin-breaking e↵ects and from quark-line disconnected diagrams. Our result
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to 0.5 ppm [1] and a new experiment aims to reduce that
uncertainty to 0.14 ppm [2]. By comparing these results
with Standard Model predictions, we can use the muon’s
anomaly to search for indirect evidence of new physics
beyond the mass range directly accessible at the Large
Hadron Collider. There are tantalizing hints of a discrep-
ancy between theory and experiment — the di↵erence is
currently 2.2(7) ppm [3] — but more precision is needed.
In particular the Standard Model prediction, which cur-
rently is known to about 0.4 ppm [3], must be substan-
tially improved in order to match the expected improve-
ment from experiment.

The largest theoretical uncertainty in aµ comes from
the vacuum polarization of hadronic matter (quarks and
gluons) as illustrated in Figure 1. This contribution
has been estimated to a little better than 1% (which
is 0.6 ppm of aµ) from experimental data on e
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hadrons and ⌧ decay [4–8], but much recent work [9–
18] has focused on a completely di↵erent approach, us-
ing Monte Carlo simulations of lattice QCD [19], which
promises to deliver smaller errors in the future.

In an earlier paper [14], we introduced a new technique
for the lattice QCD analyses that allowed us to calculate
the s quark’s vacuum-polarization contribution from Fig-
ure 1 with a precision of 1% for the first time. Here we
extend that analysis to the much more important (and
di�cult to analyze) case of u and d quarks, allowing us to
obtain the complete contribution from hadronic vacuum
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the first time from lattice QCD. A large part of our un-
certainty is from QED, isospin breaking and quark-line
disconnected e↵ects that were not included in the simu-
lations, but will be in future simulations. The remaining
systematic errors add up to only 1%. A detailed analysis
of these systematic errors allows us to map out a strat-
egy for reducing lattice QCD errors well below 1% using
computing resources that are substantial but currently
available.

II. LATTICE QCD CALCULATION

Almost all of the hadronic vacuum polarization contri-
bution (HVP) comes from connected diagrams with the
structure shown in Figure 1: the photon creates a quark
and antiquark which propagate, while interacting with
each other, and eventually annihilate back into a pho-
ton. Here we analyze the case where the photon creates
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HVP from LQCD: introduction
Consider in Euclidean spacetime (Blum ’02)

⇧µ⌫(Q) =

=

=

Z
d4x eiQ·x hJµ(x)J⌫(0)i

⇣
QµQ⌫ � �µ⌫Q2

⌘
⇧(Q2)

w/ Jµ = 2
3 ū�µu � 1

3 d̄�µd � 1
3 s̄�µs + 2

3 c̄�µc + · · ·

Then (Lautrup et al ’69, Blum ’02)
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(HVP from Jegerlehner, “alphaQEDc17” (2017))
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Details of the lattice simulation

  We have used the gauge field configurations generated by ETMC,

  European Twisted Mass Collaboration, in the pure isosymmetric QCD

  theory with Nf=2+1+1 dynamical quarks

- Gluon action: Iwasaki

- Quark action: twisted mass at maximal twist

                       (automatically O(a) improved)

OS for s and c valence quarks

8

6

SUPPLEMENTARY MATERIAL

Details of the calculation described in this letter will
be presented in Ref. [24]. Here, in subsection A we col-
lect the main parameters of the simulations performed in
the isosymmetric QCD theory and discuss briefly their
relation with the prescription of Ref. [3], while in subsec-
tion B we sketch some of the key points and illustrate the
quality of the results by showing the time-dependence of
the most complicated diagrams, i.e. those in Fig. 4(a) and
(b) in which a photon is exchanged between the quarks
and the final-state charged lepton.

A. Simulation parameters

The main parameters of the simulations performed
within isosymmetric QCD in Ref. [15] are collected in
Table I.

ensemble � V/a4 aµud aµ� aµ� Ncf aµs M⇡ MK

(MeV) (MeV)

A40.40 1.90 403 · 80 0.0040 0.15 0.19 100 0.02363 317(12) 576(22)

A30.32 323 · 64 0.0030 150 275(10) 568(22)

A40.32 0.0040 100 316(12) 578(22)

A50.32 0.0050 150 350(13) 586(22)

A40.24 243 · 48 0.0040 150 322(13) 582(23)

A60.24 0.0060 150 386(15) 599(23)

A80.24 0.0080 150 442(17) 618(14)

A100.24 0.0100 150 495(19) 639(24)

A40.20 203 · 48 0.0040 150 330(13) 586(23)

B25.32 1.95 323 · 64 0.0025 0.135 0.170 150 0.02094 259 (9) 546(19)

B35.32 0.0035 150 302(10) 555(19)

B55.32 0.0055 150 375(13) 578(20)

B75.32 0.0075 80 436(15) 599(21)

B85.24 243 · 48 0.0085 150 468(16) 613(21)

D15.48 2.10 483 · 96 0.0015 0.1200 0.1385 100 0.01612 223 (6) 529(14)

D20.48 0.0020 100 256 (7) 535(14)

D30.48 0.0030 100 312 (8) 550(14)

TABLE I: Values of the valence and sea bare quark masses (in

lattice units), of the pion and kaon masses for the N
f

= 2+ 1+ 1
ETMC gauge ensembles used in Ref. [15] and for the gauge ensem-

ble, A40.40 added to improve the investigation of FVEs. A separa-

tion of 20 trajectories between each of the N
cf

analysed configura-

tions. The bare twisted masses µ
�

and µ
�

describe the strange and

charm sea doublet according to Ref. [18]. The values of the strange

quark bare mass aµ
s

, given for each �, correspond to the physical

strange quark mass mphys

s

(MS, 2GeV) = 99.6(4.3) MeV and to

the mass renormalization constants determined in Ref. [15]. The

central values and errors of pion and kaon masses are evaluated

using the bootstrap procedure of Ref. [15].

Three values of the inverse bare lattice coupling � and
several lattice volumes have been considered. For the
earlier investigation of FVEs ETMC had produced three
dedicated ensembles, A40.20, A40.24 and A40.32, which
share the same quark masses and lattice spacing and dif-
fer only in the lattice size L. To improve the present
investigation we have generated a further gauge ensem-
ble, A40.40, at a larger value of L.

At each lattice spacing di↵erent values of the light sea
quark mass have been considered. The light valence and

sea bare quark masses are always taken to be degenerate
(aµsea

ud

= aµval

ud

= aµ
ud

).
In Ref. [15] the values of the physical u/d and strange

quark masses, mphys

ud

(MS, 2GeV) = 3.70(17) MeV and
mphys

s

(MS, 2GeV) = 99.6(4.3) MeV, as well as the val-
ues of the lattice spacing, a = 0.0885(36), 0.0815(30),
0.0619(18) fm at � = 1.90, 1.95 and 2.10, have been de-
termined using the following inputs for the isosymmetric

QCD theory: M (0)
⇡

= M
⇡

0 = 134.98 MeV, M (0)
K

= 494.2

MeV and f (0)
⇡

= 130.41 MeV. The first two inputs corre-
spond to the values suggested in the FLAG reviews [2],

while the value of f (0)
⇡

corresponds to the use of the exper-
imental rate �(⇡

`2), the value of |V
ud

| from Ref. [29] and
the value �R

⇡

= 0.0176 (21) obtained in ChPT [27, 28]
and currently adopted by the PDG [14]. We will refer to
the choice of the above three inputs as the FLAG/PDG
prescription.
In Ref. [6] we have calculated the pion and kaon masses

in the isosymmetric QCD theory according to the pre-

scription of Ref. [3], obtaining M (0)
⇡

= 134.9 (2) MeV,

M (0)
K

= 494.4 (1) MeV. We anticipate that in Ref. [24]
we shall provide a slightly di↵erent value for �R

⇡

, which

corresponds to a change of [f (0)
⇡

]2 less than 0.5%. Since

[M (0)
⇡

/f (0)
⇡

]2 / mphys

ud

+O([mphys

ud

]2), the change expected

in mphys

ud

is less than 0.02 MeV. Analogously, the change
in mphys

s

is expected to be less than 0.5 MeV. Corre-
spondingly, the variations of �R

⇡

and �R
K⇡

are well
within the statistical uncertainties, as it can be easily
inferred from Fig. 6 in the case of �R

K⇡

.
The above findings indicate that our prescription [3]

and the FLAG/PDG one di↵er only by e↵ects which are
well within the uncertainties of the input parameters of
Ref. [15]. This justifies the use of the FLAG average for

the ratio f (0)
K

/f (0)
⇡

to get Eq. (15) as well as the com-
parison of our result (14) with the ChPT prediction of
Refs. [27, 28].

B. Evaluation of �Aµ

P

/�A(0)
P

The evaluation of the diagrams 4(a) and (b), corre-
sponding to the “new” term �A`

P

, starts from the corre-
lator �C`

P

(t) defined as

�C
`

(t) =
X

↵�

u
⌫`↵(p⌫`)C1(t)↵�v`�(p`) , (19)

where C1(t)↵� is given by Eq. (35) of Ref. [1], while t is
the time distance between the P-meson source and the
insertion of the weak (V-A) current. At large time dis-
tances and for T ! 1 one has

�C
`

(t) ��!
t�a

Z(0)
P

�A`

P

2M (0)
P

T `

P

e�M

(0)
P t , (20)

where T `

P

= Tr
⇥
�0(1� �5)``�0(1� �5)⌫`⌫`

⇤
is the tree-

level leptonic trace. Analogously, in the absence of the

Pion masses in the range 220 - 490 MeV

4 volumes @                         andMπ ! 320 MeV a ! 0.09 fm

MπL ! 3.0 ÷ 5.8
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Figure 5. Effective mass of the vector correlator V (t) in the case of the strange (left panel) and
charm (right panel) contributions for the ETMC gauge ensembles specified in the insets.

4 Strange and charm contributions: lowest order

Let’s start by considering the evaluation of ahadµ (<) and ahadµ (>) defined in eqs. (3.2)–(3.3)

for various values of the “cut” T data chosen in the range between tmin and tmax given

in table 2.

The results for the strange contribution to ahadµ (<), ahadµ (>) and their sum ahadµ ob-

tained adopting four choices of T data, namely: T data = (tmin+2), (tmin+tmax)/2, (tmax−2)

and (T/2 − 4), are collected in table 3 for illustrative purposes in the case of few ETMC

gauge ensembles.

The separation between ahadµ (<) and ahadµ (>) depends on the specific value of T data, as

it should be, but their sum ahadµ is almost independent of the choice of the value of T data in

the range between tmin and tmax. This is also reassuring of the fact that the value of ahadµ is

not contaminated significantly by the presence of backward signals in the correlator V (t).

In the case of the charm contribution the value of ahadµ (>) is always several orders of

magnitude smaller than ahadµ (<) and the latter turns out to be the same for all the four

choices of T data.

Note that for T data = T/2−4 the contribution ahadµ (>), which depends on the analytic

representation (3.3), does not exceed ≃ 1.2% of the total value ahadµ even at the smallest

value of the time extension T .

In what follows all the four choices of T data will be employed in the various branches of

our bootstrap analysis. The corresponding systematics is largely sub-dominant with respect

to the other sources of uncertainties and it will not be given separately in the error budget.

The results obtained for the strange and charm contributions to ahadµ are shown by

the empty markers in figure 6. We observe a mild dependence on the light-quark mass,

being driven only by sea quarks, and also small residual FSEs visible only in the case of the
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The hadronic vacuum polarization contribution to aµ from full lattice QCD
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We determine the contribution to the anomalous magnetic moment of the muon from the ↵2
QED

hadronic vacuum polarization diagram using full lattice QCD and including u/d quarks with physical
masses for the first time. We use gluon field configurations that include u, d, s and c quarks in the
sea at multiple values of the lattice spacing, multiple u/d masses and multiple volumes that allow us
to include an analysis of finite-volume e↵ects. We obtain a result for aHVP,LO

µ of 667(6)(12)⇥ 10�10,
where the first error is from the lattice calculation and the second includes systematic errors from
missing QED and isospin-breaking e↵ects and from quark-line disconnected diagrams. Our result
implies a discrepancy between the experimental determination of aµ and the Standard Model of 3�.

I. INTRODUCTION

The muon’s gyromagnetic ratio gµ is known ex-
perimentally with extremely high accuracy: its mag-
netic anomaly, aµ ⌘ (gµ � 2)/2, has been measured
to 0.5 ppm [1] and a new experiment aims to reduce that
uncertainty to 0.14 ppm [2]. By comparing these results
with Standard Model predictions, we can use the muon’s
anomaly to search for indirect evidence of new physics
beyond the mass range directly accessible at the Large
Hadron Collider. There are tantalizing hints of a discrep-
ancy between theory and experiment — the di↵erence is
currently 2.2(7) ppm [3] — but more precision is needed.
In particular the Standard Model prediction, which cur-
rently is known to about 0.4 ppm [3], must be substan-
tially improved in order to match the expected improve-
ment from experiment.

The largest theoretical uncertainty in aµ comes from
the vacuum polarization of hadronic matter (quarks and
gluons) as illustrated in Figure 1. This contribution
has been estimated to a little better than 1% (which
is 0.6 ppm of aµ) from experimental data on e

+
e

� !
hadrons and ⌧ decay [4–8], but much recent work [9–
18] has focused on a completely di↵erent approach, us-
ing Monte Carlo simulations of lattice QCD [19], which
promises to deliver smaller errors in the future.

In an earlier paper [14], we introduced a new technique
for the lattice QCD analyses that allowed us to calculate
the s quark’s vacuum-polarization contribution from Fig-
ure 1 with a precision of 1% for the first time. Here we
extend that analysis to the much more important (and
di�cult to analyze) case of u and d quarks, allowing us to
obtain the complete contribution from hadronic vacuum

⇤
christine.davies@glasgow.ac.uk

†
URL: http://www.physics.gla.ac.uk/HPQCD

µ

q

q

FIG. 1: The ↵2
QED hadronic vacuum polarization contribu-

tion to the muon anomalous magnetic moment is represented
as a shaded blob inserted into the photon propagator (rep-
resented by a wavy line) that corrects the point-like photon-
muon coupling at the top of the diagram.

polarization at ↵

2
QED. We achieve a precision of 2%, for

the first time from lattice QCD. A large part of our un-
certainty is from QED, isospin breaking and quark-line
disconnected e↵ects that were not included in the simu-
lations, but will be in future simulations. The remaining
systematic errors add up to only 1%. A detailed analysis
of these systematic errors allows us to map out a strat-
egy for reducing lattice QCD errors well below 1% using
computing resources that are substantial but currently
available.

II. LATTICE QCD CALCULATION

Almost all of the hadronic vacuum polarization contri-
bution (HVP) comes from connected diagrams with the
structure shown in Figure 1: the photon creates a quark
and antiquark which propagate, while interacting with
each other, and eventually annihilate back into a pho-
ton. Here we analyze the case where the photon creates
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Correlator representation
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Vud t( ) =Vdual t( )+Vππ t( )

Vdual t( ) ≡ 1
24π 2 ds s  e− stRpQCD s( )

sdual

∞

∫

Vdual t( ) = 5
18π 2

Rdual
t 3

e− Mρ+Edual( )t 1+ M ρ + Edual( )t + 12 M ρ + Edual( )2 t 2⎡
⎣⎢

⎤
⎦⎥

sdual = M ρ + Edual( )2 Rdual = 1+O
mud
4

sdual
2

⎛
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+O α s( )+O a( )
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Subtraction of FVEs
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quark-connected
terms only

DG et al., 2018

ArXiv:1808.00887
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Moments of the HVP function
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(dual + 𝝅-𝝅) representation
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FVEs: " 3− 4%

large time-distance
 behavior of
reliably evaluated
by using the repr.

Πn+1
ud ≡ −( )n n +1( )!

2n + 4( )!
18
5

dt  t 2n+4Vud t( )
0

∞

∫light-quark connected
contribution

σ e+e− → π +π −( )
A. Keshavarzi et al., 2018

S. Borsanyi et al., 2017

Vud t( )
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aµ
HVP = α em

π
dx 1− x( )

0

1

∫  Δα em
HVP t x( )⎡⎣ ⎤⎦

σ µe→ µe( )
t x( ) ≡ − x2

1− x
mµ
2

x ∈ 0.93,  1[ ]  not experimentally reached

aµ
HVP⎡⎣ ⎤⎦> = 4α em

2 dt  f> t( )V t( )
0

∞

∫
Using the (dual + 𝝅-𝝅) repr.

aµ
HVP⎡⎣ ⎤⎦> ud( ) = 81.2 1.7( ) ⋅10−10

quark-connected
terms only

Uncertainty ! 2 ⋅10−10( )  close to the experimental statistical target ! 0.3%( )  of aµ
HVP⎡⎣ ⎤⎦<  

Master formula

• Standard approach

a

HLO
µ =

1
4⇡3

Z 1

4m2
⇡

ds K(s) �0
e+e�!had(s)

K(s) =

Z 1

0

x

2(1� x)
x

2 + (1� x) s
m2

µ

• Alternatively (exchanging s and x integrations in aHLO
µ )

a

HLO
µ =

↵

⇡

Z 1

0

dx (1� x) �↵had[t(x)]

t(x) =
x

2
m

2
µ

x� 1
< 0

Lautrup, Peterman, De Rafael, Phys. Rept. 3 (1972) 193

Hadronst

? �↵had(t) can be directly measured in a (single) experiment involving t-channel
(space-like) scattering

Arbuzov et al. EPJC 34 (2004) 267
Abbiendi et al. (OPAL) EPJC 45 (2006) 1

C.M. Carloni Calame (INFN, Pavia) MUonE 3 / 26

B. E. Lautrup et al., 1972

General considerations

• To get �↵had(t), the goal is to measure the (absolute) running of ↵QED(t)

! The idea: Bhabha events at e+e� (low-energy) colliders [original proposal]
CC, Passera, Trentadue, Venanzoni PLB 746 (2015) 325

! or µe scattering events in a fixed target experiment [new proposal]
Abbiendi et al. EPJC 77 (2017) no.3, 139

↵(t) =
↵

1��↵other(t)��↵had(t)
�↵had(t) = 1��↵other(t)� ↵
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F. Jegerlehner’s hadr5n12

Fit to pseudo-data (Padé)

pQCD + time-like data

pseudo-data

Strategy:
• measure �↵had(t) within the exp. range
• get large |t| values from elsewhere

(time-like data, lattice)
see next talk by Marina

• fit �↵had(t)

• integrate to get aHLO
µ

Roughly, to be competitive with the current
evaluations, �↵had(t) needs to be know at the
sub-% level

C.M. Carloni Calame (INFN, Pavia) MUonE 6 / 26

LQCD



Isospin-breaking 
corrections to aaµ

HVP



Qu ≠ Qd : O(αem) ≈ 1/100

mu ≠ md : O[(md-mu)/ΛQCD] ≈ 1/100

“Electromagnetic”

“Strong”

Isospin-breaking effects are induced by:

Since electromagnetic interactions renormalize quark masses the 
two corrections are intrinsically related

Isospin symmetry is an almost exact property 
of the strong interactions

Though small, IB effects play often a very important role
(quark masses, Mn - Mp, leptonic decay constants, vector form factor)

ISOSPIN-BREAKING EFFECTS

21



A strategy for Lattice QCD: 
The isospin-breaking part of the Lagrangian 

is treated as a perturbation  

   Expand in:

ArXiv:1110.6294

+

ArXiv:1303.4896

RM123 Collaboration

αemmd – mu

22



  - Identify the isospin-breaking term in the QCD action

  

Sm = muuu +mddd⎡⎣ ⎤⎦
x
∑ =

1
2

mu +md( ) uu + dd( )− 1
2

md −mu( ) uu − dd( )⎡

⎣
⎢

⎤

⎦
⎥

x
∑ =

    = mud uu + dd( )− Δm uu − dd( )⎡⎣ ⎤⎦
x
∑ = S0 − Δm Ŝ

- Expand the functional integral in powers of Δm

   
O =

Dφ  O e−S0+Δm Ŝ∫
Dφ   e−S0+Δm Ŝ∫

1st

!
Dφ  O e−S0 1+ Δm Ŝ( )∫
Dφ   e−S0 1+ Δm Ŝ( )∫

!
O

0
+ Δm O Ŝ

0

1+ Δm Ŝ
0

= O
0
+ Δm O Ŝ

0

- At leading order in Δm the corrections only appear in the 
  valence-quark propagators:
(disconnected contractions of ūu and 
ƌd vanish due to isospin symmetry)

1 The (md-mu) expansion

Advantage: 
factorized out

23

Ŝ = Σx(ūu-ƌd)

for isospin symmetry



   
SQED = 1

2
Aν (x) −∇µ

−∇µ
+( )Aν (x)

x;µν
∑ =

( p.b.c.) 1
2

Aν
*(k) 2sin(kµ / 2)( )2 Aν (k)

k ;µν
∑

  - Non-compact QED: the dynamical variable is the gauge potential A�(x) 
    in a fixed covariant gauge (                 )

  
∇µ

− Aµ (x) = 0

- The photon propagator is IR divergent � subtract the zero momentum mode 

2 The QED expansion!

+ 

  - Full covariant derivatives are defined introducing QED and QCD links:

  
Aµ (x)→ Eµ (x) = e− iaeAµ ( x ) Dµ

+qf (x) = Eµ (x)⎡⎣ ⎤⎦
 ef Uµ (x) qf (x + µ̂)− qf (x)

QED QCD 

 - Since                                                                  the expansion leads to:
   
Eµ (x) = e− i  e  Aµ ( x ) = 1− i  e  Aµ (x)−1/ 2 e2

 Aµ
2(x)+…

+ counterterms 24 

2

24



The QED expansion 
for the quark propagator

In the electro-quenched approximation: 

'25



LIB corrections
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h e h h h
µ

γ

h

a) b) c) d)

Fig. 29. Hadronic higher order VP contributions: a)-c) involving LO vacuum polarization, d) involving HO vacuum polarization
(FSR of hadrons).

perturbative QCD prediction. Less problematic is the space–like (Euclidean) region −q2 → ∞, since it is
away from thresholds and resonances.

The time–like quantity R(s) intrinsically is non-perturbative and exhibits bound states, resonances, in-
stanton effects (η′) and in particular the hadronization of the quarks. In applying pQCD to describe real
physical cross–sections of hadro–production one needs a “rule” which bridges the asymptotic freedom regime
with the confinement regime, since the hadronization of the colored partons produced in the hard kicks into
color singlet hadrons eludes a quantitative understanding. The rule is referred to as quark hadron dual-
ity 15 [231,232], which states that for large s the average non–perturbative hadron cross–section equals the
perturbative quark cross–section:

σ(e+e− → hadrons)(s) ≃
!

q
σ(e+e− → qq̄, qq̄g, · · ·)(s) , (129)

where the averaging extends from the hadron production threshold up to s–values which must lie sufficiently
far above the quark–pair production threshold (global duality). Qualitatively, such a behavior is visible in
the data Fig. 22 above about 2 GeV between the different flavor thresholds sufficiently above the lower
threshold. A glance at the region from 4 to 5 GeV gives a good flavor of duality at work. Note however that
for precise reliable predictions it has not yet been possible to quantify the accuracy of the duality conjecture.
A quantitative check would require much more precise cross–section measurements than the ones available
today. Ideally, one should attempt to reach the accuracy of pQCD predictions. In addition, in dispersion
integrals the cross–sections are weighted by different s–dependent kernels, while the duality statement is
claimed to hold for weight unity. One procedure definitely is contradicting duality reasonings: to “take pQCD
plus resonances” or to “take pQCD where R(s) is smooth and data in the complementary ranges”. Also
adjusting the normalization of experimental data to conform with pQCD within energy intervals (assuming
local duality) has no solid foundation. Nevertheless, the application of pQCD in the regions advocated
in [229] seems to be on fairly solid ground on a phenomenological level. A more conservative use of pQCD
is possible by going to the Euclidean region and applying the Adler function [233] method as proposed in
Refs. [234,165,235]. As mentioned earlier, the low energy structure of QCD also exhibits non–perturbative
quark condensates. The latter also yield contributions to R(s), which for large energies are calculable by the
operator product expansion of the current correlator Eq. (64) [236]. The corresponding ⟨mq q̄q⟩/s2 power
corrections in fact are small at energies where pQCD applies [234,82] and hence not a problem in our context.

4.2. Higher Order Hadronic Vacuum Polarization Corrections

At order O(α3) there are several classes of hadronic VP contributions with typical diagrams shown in
Fig. 29. They have been estimated first in [187]. Classes (a) to (c) involve leading hadronic VP insertions and
may be treated using DRs together with experimental e+e−–annihilation data. Class (d) involves leading
QED corrections of the charged hadrons and correspond to the inclusion of hadronic final state radiation
(FSR).

The O(α3) hadronic contributions from classes (a), (b) and (c) may be evaluated without particular
problems as described in the following.

15Quark–hadron duality was first observed phenomenologically for the structure function in deep inelastic electron–proton
scattering [230].

52

leading-order e.m. corrections
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V. STRANGE AND CHARM CONTRIBUTIONS: E.M. CORRECTIONS

Let’s now turn to the e.m. corrections at leading order in ↵
em

to ahad
µ

, which using the expansion

method of Ref. [24] require the evaluation of the self-energy, exchange, tadpole, pseudoscalar and

scalar insertion diagrams depicted in Fig. 8.
where mud ¼ ðmd þmuÞ=2 is the bare isosymmetric light quark mass. In the case of the neutral pion we obtain

The sea quark propagators have been drawn in blue (and with a different line) and the isosymmetric vacuum polarization
diagrams have not been displayed explicitly. By combining the previous expressions we find the elegant formula

All the isosymmetric vacuum polarization diagrams cancel
by taking the difference of!M!þ and!M!0 together with
the disconnected sea quark loop contributions explicitly
shown in Eqs. (64) and (65). Note, in particular, the can-
cellation of the corrections/counterterms corresponding to
the variation of the symmetric up-down quark mass mud %
m0

ud and to the variation of the strong coupling constant
g2s % ðg0sÞ2. This is a general feature: at first order of the
perturbative expansion in "̂em and m̂d % m̂u, the isosym-
metric corrections coming from the variation of the stong
gauge coupling (the lattice spacing), of mud and of the
heavier quark masses do not contribute to observables that

vanish in the isosymmetric theory, like the mass splitting
M!þ %M!0 . Furthermore, as already stressed, the electric
charge does not need to be renormalized at this order and,
for all these reasons, the expression for the pion mass
splitting can be considered a ‘‘clean’’ theoretical prediction.
On the other hand, the lattice calculation of the discon-

nected diagram present in Eq. (66) is a highly nontrivial
numerical problem and we shall neglect this contribution
in this paper. Relying on the same arguments that lead to
the derivation of the flavor SUð3Þ version of Dashen’s
theorem [see Eq. (39)], it can be shown that the neutral
pion mass has to vanish in the limit m̂u ¼ m̂d ¼ 0 for
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FIG. 8: Fermionic connected diagrams contributing to the e.m. corrections to ahad
µ

: exchange (a), self energy

(b), tadpole (c), pseudoscalar (d) and scalar (e) insertions. Solid lines represent quark propagators.

For each quark flavor f one has

�V (t) ⌘ �V self (t) + �V exch(t) + �V tad(t) + �V PS(t) + �V S(t) (41)
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where JC

µ

(y) and T
⌫

(y) are given in Eqs. (18) and (20), respectively. In Eq. (41) �mcrit

f

is the

e.m. shift of the critical mass for the quark flavor f , while Z
m

and Z
f

are related to the mass

renormalization constants (RCs) in QCD and QCD+QED. For our maximally twisted-mass setup

�mcrit

f

has been determined in Ref. [25], while 1/Z
m

= Z
P

, where Z
P

is the RC of the pseudoscalar

density evaluated in Ref. [29]. For 1/Z
f

we use the perturbative result at leading order in ↵
em

in

the MS scheme, given by [36]
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B. Local versus conserved vector currents on the lattice

The vector correlator V (t) can be calculated using either the lattice conserved vector current

JC

µ

(x) or the local vector current J
µ

(x). The latter needs to be renormalized and in our twisted-

mass setup the local vector current for each quark flavor f is given by
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where, being at maximal twist, the renormalization is multiplicative through the renormalization

constant Z
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.

The variation of the lattice action with respect to a vector rotation ↵
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(x) of the quark fields,

i.e.  (x) ! eiqf↵V (x)  (x) and  (x) !  (x) e�iqf↵V (x) (for any quark flavor f), provides the

relevant Ward-Takahashi identity for the conserved current JC
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expressed in terms of the backward
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According to the vector Ward-Takahashi identity the polarization tensor hJC
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(y)i is not trans-
verse because of the contact term arising from the vector rotation of the conserved current JC
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which generates the backward lattice derivative of the tadpole operator and is power divergent as

1/a3. Thus, in the case of two conserved currents the transverse HVP tensor is defined as
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where the tadpole operator is explicitly given by
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On the contrary, in the case of one conserved and one local currents there is no contact term

because the vector rotation of the local current (17) is zero. One gets
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⌫
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which is transverse only with respect to the µ index (i.e., @b
µ
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µ⌫

(x, y) = 0, where @b
µ

is the backward

lattice derivative).

In the case of two local currents the polarization tensor hJ
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(y)i is not transverse. The

mixing pattern of the product of two local currents with all possible operators with equal and lower

8

B. Local versus conserved vector currents on the lattice

The vector correlator V (t) can be calculated using either the lattice conserved vector current

JC

µ

(x) or the local vector current J
µ

(x). The latter needs to be renormalized and in our twisted-

mass setup the local vector current for each quark flavor f is given by

J
µ

(x) = q
f

Z
V

 ̄
f

(x)�
µ

 
f

(x) , (17)

where, being at maximal twist, the renormalization is multiplicative through the renormalization

constant Z
V

.

The variation of the lattice action with respect to a vector rotation ↵
V

(x) of the quark fields,

i.e.  (x) ! eiqf↵V (x)  (x) and  (x) !  (x) e�iqf↵V (x) (for any quark flavor f), provides the

relevant Ward-Takahashi identity for the conserved current JC

µ

expressed in terms of the backward

lattice derivative. In our twisted-mass setup one has

JC

µ

(x) = q
f

1

2

⇥

 ̄
f

(x)(�
µ

� i⌧3�5)Uµ

(x) 
f

(x+ aµ̂)

+  ̄
f

(x+ aµ̂)(�
µ

+ i⌧3�5)U
†
µ

(x) 
f

(x)
i

. (18)

According to the vector Ward-Takahashi identity the polarization tensor hJC

µ

(x)JC

⌫

(y)i is not trans-
verse because of the contact term arising from the vector rotation of the conserved current JC

⌫

(y),

which generates the backward lattice derivative of the tadpole operator and is power divergent as

1/a3. Thus, in the case of two conserved currents the transverse HVP tensor is defined as

⇧CC

µ⌫

(x, y) ⌘ hJC

µ

(x)JC

⌫

(y)i � 1

a3
�
µ⌫

�
xy

hT
⌫

(y)i , (19)

where the tadpole operator is explicitly given by

T
⌫

(y) = q2
f

1

2

⇥

 ̄
f

(y)(�
⌫

� i⌧3�5)U⌫

(y) 
f

(y + a⌫̂)

�  ̄
f

(y + a⌫̂)(�
⌫

+ i⌧3�5)U
†
⌫

(y) 
f

(y)
i

. (20)

On the contrary, in the case of one conserved and one local currents there is no contact term

because the vector rotation of the local current (17) is zero. One gets

⇧CL

µ⌫

(x, y) ⌘ hJC

µ

(x)J
⌫

(y)i , (21)

which is transverse only with respect to the µ index (i.e., @b
µ

⇧CL

µ⌫

(x, y) = 0, where @b
µ

is the backward

lattice derivative).

In the case of two local currents the polarization tensor hJ
µ

(x)J
⌫

(y)i is not transverse. The

mixing pattern of the product of two local currents with all possible operators with equal and lower

For each quark flavor f one has :
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tadpole operator
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2 = e.m. shift of the critical mass (breaking of chiral symmetry)
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= ZP MS,µ( )→ mass RC (maximally twisted LQCD)
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δV t( ) = δV self t( ) +δV exch t( ) +δV tad t( ) +δV PS t( ) +δV S t( )
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V. STRANGE AND CHARM CONTRIBUTIONS: E.M. CORRECTIONS

Let’s now turn to the e.m. corrections at leading order in ↵em to ahadµ , which using the expansion

method of Ref. [24] require the evaluation of the self-energy, exchange, tadpole, pseudoscalar and

scalar insertion diagrams depicted in Fig. 8.
where mud ¼ ðmd þmuÞ=2 is the bare isosymmetric light quark mass. In the case of the neutral pion we obtain

The sea quark propagators have been drawn in blue (and with a different line) and the isosymmetric vacuum polarization
diagrams have not been displayed explicitly. By combining the previous expressions we find the elegant formula

All the isosymmetric vacuum polarization diagrams cancel
by taking the difference of!M!þ and!M!0 together with
the disconnected sea quark loop contributions explicitly
shown in Eqs. (64) and (65). Note, in particular, the can-
cellation of the corrections/counterterms corresponding to
the variation of the symmetric up-down quark mass mud %
m0

ud and to the variation of the strong coupling constant
g2s % ðg0sÞ2. This is a general feature: at first order of the
perturbative expansion in "̂em and m̂d % m̂u, the isosym-
metric corrections coming from the variation of the stong
gauge coupling (the lattice spacing), of mud and of the
heavier quark masses do not contribute to observables that

vanish in the isosymmetric theory, like the mass splitting
M!þ %M!0 . Furthermore, as already stressed, the electric
charge does not need to be renormalized at this order and,
for all these reasons, the expression for the pion mass
splitting can be considered a ‘‘clean’’ theoretical prediction.
On the other hand, the lattice calculation of the discon-

nected diagram present in Eq. (66) is a highly nontrivial
numerical problem and we shall neglect this contribution
in this paper. Relying on the same arguments that lead to
the derivation of the flavor SUð3Þ version of Dashen’s
theorem [see Eq. (39)], it can be shown that the neutral
pion mass has to vanish in the limit m̂u ¼ m̂d ¼ 0 for
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µ

: exchange (a), self energy

(b), tadpole (c), pseudoscalar (d) and scalar (e) insertions. Solid lines represent quark propagators.
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where JC
µ (y) and T⌫(y) are given in Eqs. (18) and (20), respectively. In Eq. (41) �mcrit
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e.m. shift of the critical mass for the quark flavor f , while Zm and Zf are related to the mass
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The sea quark propagators have been drawn in blue (and with a different line) and the isosymmetric vacuum polarization
diagrams have not been displayed explicitly. By combining the previous expressions we find the elegant formula

All the isosymmetric vacuum polarization diagrams cancel
by taking the difference of!M!þ and!M!0 together with
the disconnected sea quark loop contributions explicitly
shown in Eqs. (64) and (65). Note, in particular, the can-
cellation of the corrections/counterterms corresponding to
the variation of the symmetric up-down quark mass mud %
m0

ud and to the variation of the strong coupling constant
g2s % ðg0sÞ2. This is a general feature: at first order of the
perturbative expansion in "̂em and m̂d % m̂u, the isosym-
metric corrections coming from the variation of the stong
gauge coupling (the lattice spacing), of mud and of the
heavier quark masses do not contribute to observables that

vanish in the isosymmetric theory, like the mass splitting
M!þ %M!0 . Furthermore, as already stressed, the electric
charge does not need to be renormalized at this order and,
for all these reasons, the expression for the pion mass
splitting can be considered a ‘‘clean’’ theoretical prediction.
On the other hand, the lattice calculation of the discon-

nected diagram present in Eq. (66) is a highly nontrivial
numerical problem and we shall neglect this contribution
in this paper. Relying on the same arguments that lead to
the derivation of the flavor SUð3Þ version of Dashen’s
theorem [see Eq. (39)], it can be shown that the neutral
pion mass has to vanish in the limit m̂u ¼ m̂d ¼ 0 for
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LIB effects à la RM123 [JHEP 1204(2012), Phys.Rev. D87(2013)]

Leading Isospin Breaking (LIB) effects can be calculated directly by expanding
the lattice path-integral in powers of ↵em and (md � mu)

O(~g) =
⌦

R[U,A;~g] O[U,A;~g]
↵A,~g0

⌦

R[U,A;~g]
↵A,~g0 =

⌦

⇣

1 + Ṙ + ...
⌘⇣

O + Ȯ + ...
⌘

↵

⌦

1 + Ṙ + ...
↵

= O(~g0) +�O

sea quark e.m. effects via (noisy) fermion disconnected diagrams

The graphical representation given in the last of the previous formulas, corresponding to the derivative of the quark
propagator with respect to the critical mass, is specific to the lattice Dirac operators used in this work and the ! signs
correspond, respectively, to D"

f defined in Eq. (30). In the case of standard Wilson fermions red and grey ‘‘blobs’’ would
coincide. All the disconnected contributions coming from the reweighting factor can be readily obtained by using Eq. (52).
For example,

In writing Eqs. (52) and (53) we assumed that the derivatives have been evaluated at ~g ¼ ~g0 and that the functional integral
h$iA with respect to the photon field has already been performed. Note however that, in order to apply the operator! to the
product ðR½U;A; ~g'O½U;A; ~g'Þ [see Eqs. (50) and (51) above], at fixedQED gauge background one also needs the following
expressions for the first order derivatives of the quark propagators and of the quark determinants with respect to e:

A concrete example of application of the formulas given in Eqs. (52) and (53) is represented by the correction to the S"f
quark propagators worked out below

Here quarks propagators of different flavors have been
drawn with different colors and different lines.

The formulas above have been explicitly displayed not
only because they represent the building blocks of the
derivation of the LIB corrections to the hadron masses
discussed in the following, but also for illustrating the
implications of the electroquenched approximation [see
Eq. (35) above]. This approximation is not required in
the calculation of the pion mass splitting because the quark
disconnected diagrams containing sea quark loops are ex-
actly canceled in the difference of !M!þ and !M!0 [see

Eq. (66) below]. This does not happen in the case of the
kaon mass difference; see Eq. (69). Quark disconnected
diagrams are noisy and difficult to calculate and, for this
reason, we have derived the numerical results for MKþ *
MK0 within the electroquenched approximation. The per-
turbative expansion of the electroquenched theory, i.e. the
theory corresponding to the action Se¼0

sea for the sea quarks,
is obtained in practice by setting gs ¼ g0s and

rf½U;A; ~g0' ¼ 1: (56)
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1 + Ṙ + ...
⌘⇣
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* neglect of the electric sea-quark charges: qf
sea = 0
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Fig. 29. Hadronic higher order VP contributions: a)-c) involving LO vacuum polarization, d) involving HO vacuum polarization
(FSR of hadrons).

perturbative QCD prediction. Less problematic is the space–like (Euclidean) region −q2 → ∞, since it is
away from thresholds and resonances.

The time–like quantity R(s) intrinsically is non-perturbative and exhibits bound states, resonances, in-
stanton effects (η′) and in particular the hadronization of the quarks. In applying pQCD to describe real
physical cross–sections of hadro–production one needs a “rule” which bridges the asymptotic freedom regime
with the confinement regime, since the hadronization of the colored partons produced in the hard kicks into
color singlet hadrons eludes a quantitative understanding. The rule is referred to as quark hadron dual-
ity 15 [231,232], which states that for large s the average non–perturbative hadron cross–section equals the
perturbative quark cross–section:

σ(e+e− → hadrons)(s) ≃
!

q
σ(e+e− → qq̄, qq̄g, · · ·)(s) , (129)

where the averaging extends from the hadron production threshold up to s–values which must lie sufficiently
far above the quark–pair production threshold (global duality). Qualitatively, such a behavior is visible in
the data Fig. 22 above about 2 GeV between the different flavor thresholds sufficiently above the lower
threshold. A glance at the region from 4 to 5 GeV gives a good flavor of duality at work. Note however that
for precise reliable predictions it has not yet been possible to quantify the accuracy of the duality conjecture.
A quantitative check would require much more precise cross–section measurements than the ones available
today. Ideally, one should attempt to reach the accuracy of pQCD predictions. In addition, in dispersion
integrals the cross–sections are weighted by different s–dependent kernels, while the duality statement is
claimed to hold for weight unity. One procedure definitely is contradicting duality reasonings: to “take pQCD
plus resonances” or to “take pQCD where R(s) is smooth and data in the complementary ranges”. Also
adjusting the normalization of experimental data to conform with pQCD within energy intervals (assuming
local duality) has no solid foundation. Nevertheless, the application of pQCD in the regions advocated
in [229] seems to be on fairly solid ground on a phenomenological level. A more conservative use of pQCD
is possible by going to the Euclidean region and applying the Adler function [233] method as proposed in
Refs. [234,165,235]. As mentioned earlier, the low energy structure of QCD also exhibits non–perturbative
quark condensates. The latter also yield contributions to R(s), which for large energies are calculable by the
operator product expansion of the current correlator Eq. (64) [236]. The corresponding ⟨mq q̄q⟩/s2 power
corrections in fact are small at energies where pQCD applies [234,82] and hence not a problem in our context.

4.2. Higher Order Hadronic Vacuum Polarization Corrections

At order O(α3) there are several classes of hadronic VP contributions with typical diagrams shown in
Fig. 29. They have been estimated first in [187]. Classes (a) to (c) involve leading hadronic VP insertions and
may be treated using DRs together with experimental e+e−–annihilation data. Class (d) involves leading
QED corrections of the charged hadrons and correspond to the inclusion of hadronic final state radiation
(FSR).

The O(α3) hadronic contributions from classes (a), (b) and (c) may be evaluated without particular
problems as described in the following.

15Quark–hadron duality was first observed phenomenologically for the structure function in deep inelastic electron–proton
scattering [230].
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V. STRANGE AND CHARM CONTRIBUTIONS: E.M. CORRECTIONS

Let’s now turn to the e.m. corrections at leading order in ↵
em

to ahad
µ

, which using the expansion

method of Ref. [24] require the evaluation of the self-energy, exchange, tadpole, pseudoscalar and

scalar insertion diagrams depicted in Fig. 8.
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The sea quark propagators have been drawn in blue (and with a different line) and the isosymmetric vacuum polarization
diagrams have not been displayed explicitly. By combining the previous expressions we find the elegant formula

All the isosymmetric vacuum polarization diagrams cancel
by taking the difference of!M!þ and!M!0 together with
the disconnected sea quark loop contributions explicitly
shown in Eqs. (64) and (65). Note, in particular, the can-
cellation of the corrections/counterterms corresponding to
the variation of the symmetric up-down quark mass mud %
m0

ud and to the variation of the strong coupling constant
g2s % ðg0sÞ2. This is a general feature: at first order of the
perturbative expansion in "̂em and m̂d % m̂u, the isosym-
metric corrections coming from the variation of the stong
gauge coupling (the lattice spacing), of mud and of the
heavier quark masses do not contribute to observables that

vanish in the isosymmetric theory, like the mass splitting
M!þ %M!0 . Furthermore, as already stressed, the electric
charge does not need to be renormalized at this order and,
for all these reasons, the expression for the pion mass
splitting can be considered a ‘‘clean’’ theoretical prediction.
On the other hand, the lattice calculation of the discon-

nected diagram present in Eq. (66) is a highly nontrivial
numerical problem and we shall neglect this contribution
in this paper. Relying on the same arguments that lead to
the derivation of the flavor SUð3Þ version of Dashen’s
theorem [see Eq. (39)], it can be shown that the neutral
pion mass has to vanish in the limit m̂u ¼ m̂d ¼ 0 for
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FIG. 8: Fermionic connected diagrams contributing to the e.m. corrections to ahad
µ

: exchange (a), self energy

(b), tadpole (c), pseudoscalar (d) and scalar (e) insertions. Solid lines represent quark propagators.

For each quark flavor f one has

�V (t) ⌘ �V self (t) + �V exch(t) + �V tad(t) + �V PS(t) + �V S(t) (41)

with
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where JC

µ

(y) and T
⌫

(y) are given in Eqs. (18) and (20), respectively. In Eq. (41) �mcrit

f

is the

e.m. shift of the critical mass for the quark flavor f , while Z
m

and Z
f

are related to the mass

renormalization constants (RCs) in QCD and QCD+QED. For our maximally twisted-mass setup

�mcrit

f

has been determined in Ref. [25], while 1/Z
m

= Z
P

, where Z
P

is the RC of the pseudoscalar

density evaluated in Ref. [29]. For 1/Z
f

we use the perturbative result at leading order in ↵
em

in

the MS scheme, given by [36]

1

Z
f

(MS, µ) =
q2
f

16⇡2
[6log(aµ)� 22.596] , (46)
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B. Local versus conserved vector currents on the lattice

The vector correlator V (t) can be calculated using either the lattice conserved vector current

JC

µ

(x) or the local vector current J
µ

(x). The latter needs to be renormalized and in our twisted-

mass setup the local vector current for each quark flavor f is given by

J
µ

(x) = q
f

Z
V

 ̄
f

(x)�
µ

 
f

(x) , (17)

where, being at maximal twist, the renormalization is multiplicative through the renormalization

constant Z
V

.

The variation of the lattice action with respect to a vector rotation ↵
V

(x) of the quark fields,

i.e.  (x) ! eiqf↵V (x)  (x) and  (x) !  (x) e�iqf↵V (x) (for any quark flavor f), provides the

relevant Ward-Takahashi identity for the conserved current JC

µ

expressed in terms of the backward

lattice derivative. In our twisted-mass setup one has

JC

µ

(x) = q
f

1

2

⇥

 ̄
f

(x)(�
µ

� i⌧3�5)Uµ

(x) 
f

(x+ aµ̂)

+  ̄
f

(x+ aµ̂)(�
µ

+ i⌧3�5)U
†
µ

(x) 
f

(x)
i

. (18)

According to the vector Ward-Takahashi identity the polarization tensor hJC

µ

(x)JC

⌫

(y)i is not trans-
verse because of the contact term arising from the vector rotation of the conserved current JC

⌫

(y),

which generates the backward lattice derivative of the tadpole operator and is power divergent as

1/a3. Thus, in the case of two conserved currents the transverse HVP tensor is defined as

⇧CC

µ⌫

(x, y) ⌘ hJC

µ

(x)JC

⌫

(y)i � 1

a3
�
µ⌫

�
xy

hT
⌫

(y)i , (19)

where the tadpole operator is explicitly given by

T
⌫

(y) = q2
f

1

2

⇥

 ̄
f

(y)(�
⌫

� i⌧3�5)U⌫

(y) 
f

(y + a⌫̂)

�  ̄
f

(y + a⌫̂)(�
⌫

+ i⌧3�5)U
†
⌫

(y) 
f

(y)
i

. (20)

On the contrary, in the case of one conserved and one local currents there is no contact term

because the vector rotation of the local current (17) is zero. One gets

⇧CL

µ⌫

(x, y) ⌘ hJC

µ

(x)J
⌫

(y)i , (21)

which is transverse only with respect to the µ index (i.e., @b
µ

⇧CL

µ⌫

(x, y) = 0, where @b
µ

is the backward

lattice derivative).

In the case of two local currents the polarization tensor hJ
µ

(x)J
⌫

(y)i is not transverse. The

mixing pattern of the product of two local currents with all possible operators with equal and lower
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For each quark flavor f one has :

lattice conserved current 

tadpole operator

δmf
crit ∝α emq f

2 = e.m. shift of the critical mass (breaking of chiral symmetry)

1
Zm

= ZP MS,µ( )→ mass RC (maximally twisted LQCD)

1
Z f

MS,µ( ) = α emq f
2

4π
6 log aµ( )− 22.596⎡⎣ ⎤⎦→ mass RC (LO in QED)

δV t( ) = δV self t( ) +δV exch t( ) +δV tad t( ) +δV PS t( ) +δV S t( )
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V. STRANGE AND CHARM CONTRIBUTIONS: E.M. CORRECTIONS

Let’s now turn to the e.m. corrections at leading order in ↵em to ahadµ , which using the expansion

method of Ref. [24] require the evaluation of the self-energy, exchange, tadpole, pseudoscalar and

scalar insertion diagrams depicted in Fig. 8.
where mud ¼ ðmd þmuÞ=2 is the bare isosymmetric light quark mass. In the case of the neutral pion we obtain

The sea quark propagators have been drawn in blue (and with a different line) and the isosymmetric vacuum polarization
diagrams have not been displayed explicitly. By combining the previous expressions we find the elegant formula

All the isosymmetric vacuum polarization diagrams cancel
by taking the difference of!M!þ and!M!0 together with
the disconnected sea quark loop contributions explicitly
shown in Eqs. (64) and (65). Note, in particular, the can-
cellation of the corrections/counterterms corresponding to
the variation of the symmetric up-down quark mass mud %
m0

ud and to the variation of the strong coupling constant
g2s % ðg0sÞ2. This is a general feature: at first order of the
perturbative expansion in "̂em and m̂d % m̂u, the isosym-
metric corrections coming from the variation of the stong
gauge coupling (the lattice spacing), of mud and of the
heavier quark masses do not contribute to observables that

vanish in the isosymmetric theory, like the mass splitting
M!þ %M!0 . Furthermore, as already stressed, the electric
charge does not need to be renormalized at this order and,
for all these reasons, the expression for the pion mass
splitting can be considered a ‘‘clean’’ theoretical prediction.
On the other hand, the lattice calculation of the discon-

nected diagram present in Eq. (66) is a highly nontrivial
numerical problem and we shall neglect this contribution
in this paper. Relying on the same arguments that lead to
the derivation of the flavor SUð3Þ version of Dashen’s
theorem [see Eq. (39)], it can be shown that the neutral
pion mass has to vanish in the limit m̂u ¼ m̂d ¼ 0 for
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FIG. 8: Fermionic connected diagrams contributing to the e.m. corrections to ahad
µ

: exchange (a), self energy

(b), tadpole (c), pseudoscalar (d) and scalar (e) insertions. Solid lines represent quark propagators.

For each quark flavor f one has

�V (t) ⌘ �V self (t) + �V exch(t) + �V tad(t) + �V PS(t) + �V S(t) (41)

with

�V self (t) + �V exch(t) =
4⇡↵em

3

X

i=1,2,3

X

~x,y1,y2

h0|T
(

J†
i (~x, t)

X

µ

JC
µ (y1)J

C
µ (y2) Ji(0)

)

|0i , (42)

�V tad(t) =
4⇡↵em

3

X

i=1,2,3

X

~x,y

h0|T
(

J†
i (~x, t)

X

⌫

T⌫(y) Ji(0)

)

|0i , (43)

�V PS(t) =
2�mcrit

f

3

X

i=1,2,3

X

~x,y

h0|T
n

J†
i (~x, t) i f (y)�5 f (y) Ji(0)

o

|0i , (44)

�V S(t) = � 2mf

3ZmZf

X

i=1,2,3

X

~x,y

h0|T
n

J†
i (~x, t)  f (y) f (y) Ji(0)

o

|0i , (45)

where JC
µ (y) and T⌫(y) are given in Eqs. (18) and (20), respectively. In Eq. (41) �mcrit

f is the

e.m. shift of the critical mass for the quark flavor f , while Zm and Zf are related to the mass

renormalization constants (RCs) in QCD and QCD+QED. For our maximally twisted-mass setup

�mcrit
f has been determined in Ref. [25], while 1/Zm = ZP , where ZP is the RC of the pseudoscalar

density evaluated in Ref. [29]. For 1/Zf we use the perturbative result at leading order in ↵em in

the MS scheme, given by [36, 37]

1

Zf
(MS, µ) =

↵emq2f
4⇡

[6log(aµ)� 22.596] , (46)

qf
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δZO = −
Tr δΛOPO[ ]
Tr ΛO

0( )PO⎡⎣ ⎤⎦
+ 1
2
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⎜
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⎠
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δZO

⎛
⎝⎜

⎞
⎠⎟

Zq1
−1 2Zq2
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�Zij(µa,↵s(1/a)) have been calculated in perturbation theory at first order in ↵em and at order

↵0

s for Wilson fermions in Ref. [8]. In the following we will describe a completely non-perturbative

determination of the matrix �Z
1j , including both QED to first order in ↵em and QCD to all orders,

by using the RI'-MOM method for the twisted-mass regularization of QCD at maximal twist. With

appropriate modifications to the kinematical conditions and projectors used, the discussion can be

easily adapted to similar schemes, such as SMOM.

In addition to the renormalisation of the four fermion operator appearing in the Hamiltonian,

the e.m. shift of the quark masses (see section IIIA), requires the knowledge of the renormalisation

constant of the pseudoscalar density [3]. For this reason in the following we will discuss first the

non-perturbative renormalisation of quark bilinear operators.

A. Quark field and bilinear vertices renormalization

As far as the renormalisation of fields and of bilinear or four-fermion operators (in general of

any composite operator) is concerned, we can always define the following decomposition

Z = ZQCD +
↵em

4⇡
�Z = ZQCD

⇣

1 +
↵em

4⇡
�Z

⌘

. (86)

In the case of the four-fermion operators (80) the quantities Z, ZQCD, �Z and �Z are matrices.

Let us start from the renormalisation of the quark fields. From the e.m. corrections to the quark

propagator

↵em

4⇡
SQCD

q (p)�Sq(p)S
QCD

q (p) =

+ � [mf �m0

f ] ⌥ [mcr
f �mcr

0

] , (87)

where we have included explicitly the mass and critical Wilson parameter counter-terms [3], one

can derive the one-particle irreducible two-point vertex

⌃q(p) = �hSQCD

q (p)i�1 hSQCD

q (p)�Sq(p)S
QCD

q (p)i hSQCD(p)i�1 . (88)

From the above equation it is straightforward to find the correction to the quark field renor-

malisation constant in the RI'-MOM scheme

�Zq = Z(1)

q =
Tr [ 6p⌃q(p)]

Tr
h

6p hSQCD

q (p)i�1

i . (89)
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The renormalisation constant of a generic bilinear in pure QCD is given by

ZQCD

O =
(ZQCD

q1 )1/2(ZQCD

q2 )1/2

�QCD

O

, (90)

where �QCD

O is the amputated, projected one-particle irreducible vertex [35]. The relative e.m. cor-

rection is then given by

�ZO = � ��O +
1

2
(�Zq1 + �Zq2) , (91)

where ��O is the relative correction to the amputated and projected Green function expanded at

order O(↵em), namely

��O =
��O

�QCD

O

=
Tr [�⇤O PO]

�QCD

O

. (92)

Two kinds of corrections contribute to the amputated Green function ⇤O

�⇤O = �⇤S

O +�⇤G

O , (93)

where �⇤S

O involves the corrections to the inverse propagators, which amputate the QCD Green

function GQCD

O ,

�⇤S

O = ⌃q2(p)G
QCD

O (p) �
5

hSQCD

q1

†
(p)i�1 �

5

+ hSQCD

q2 (p)i�1GQCD

O (p) �
5

⌃†
q1(p) �5 , (94)

and �⇤G

O is the correction to the Green function itself

�⇤G

O = hSQCD

q2 (p)i�1�GO(p) �5hSQCD

q1

†
(p)i�1 �

5

(95)

with

�GO(p) =

*

+ +

+

. (96)

The first term in Eq. (96) is realized similarly to the quark self-energy correction in Eq. (87) and

the implementation of its calculation was presented in the Appendix of Ref. [6].

B. Renormalization conditions of four-fermions operators

We have now the necessary formalism to compute in RI'-MOM the renormalisation constants

of the complete basis of four-fermion operators of Eq. (80), built upon Appendix A of Ref. [8].
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� Zfact
A Zfact

P

1.90 0.860 (17) 1.652 (35)

1.95 0.872 (12) 1.527 (35)

2.10 0.909 (7) 1.453 (14)

� Zfact
A Zfact

P

1.90 0.981 (11) 1.596 (11)

1.95 0.979 (8) 1.556 (12)

2.10 0.958 (4) 1.437 (5)
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Fig. 29. Hadronic higher order VP contributions: a)-c) involving LO vacuum polarization, d) involving HO vacuum polarization
(FSR of hadrons).

perturbative QCD prediction. Less problematic is the space–like (Euclidean) region −q2 → ∞, since it is
away from thresholds and resonances.

The time–like quantity R(s) intrinsically is non-perturbative and exhibits bound states, resonances, in-
stanton effects (η′) and in particular the hadronization of the quarks. In applying pQCD to describe real
physical cross–sections of hadro–production one needs a “rule” which bridges the asymptotic freedom regime
with the confinement regime, since the hadronization of the colored partons produced in the hard kicks into
color singlet hadrons eludes a quantitative understanding. The rule is referred to as quark hadron dual-
ity 15 [231,232], which states that for large s the average non–perturbative hadron cross–section equals the
perturbative quark cross–section:

σ(e+e− → hadrons)(s) ≃
!

q
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15Quark–hadron duality was first observed phenomenologically for the structure function in deep inelastic electron–proton
scattering [230].
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V. STRANGE AND CHARM CONTRIBUTIONS: E.M. CORRECTIONS

Let’s now turn to the e.m. corrections at leading order in ↵
em

to ahad
µ

, which using the expansion

method of Ref. [24] require the evaluation of the self-energy, exchange, tadpole, pseudoscalar and

scalar insertion diagrams depicted in Fig. 8.
where mud ¼ ðmd þmuÞ=2 is the bare isosymmetric light quark mass. In the case of the neutral pion we obtain

The sea quark propagators have been drawn in blue (and with a different line) and the isosymmetric vacuum polarization
diagrams have not been displayed explicitly. By combining the previous expressions we find the elegant formula

All the isosymmetric vacuum polarization diagrams cancel
by taking the difference of!M!þ and!M!0 together with
the disconnected sea quark loop contributions explicitly
shown in Eqs. (64) and (65). Note, in particular, the can-
cellation of the corrections/counterterms corresponding to
the variation of the symmetric up-down quark mass mud %
m0

ud and to the variation of the strong coupling constant
g2s % ðg0sÞ2. This is a general feature: at first order of the
perturbative expansion in "̂em and m̂d % m̂u, the isosym-
metric corrections coming from the variation of the stong
gauge coupling (the lattice spacing), of mud and of the
heavier quark masses do not contribute to observables that

vanish in the isosymmetric theory, like the mass splitting
M!þ %M!0 . Furthermore, as already stressed, the electric
charge does not need to be renormalized at this order and,
for all these reasons, the expression for the pion mass
splitting can be considered a ‘‘clean’’ theoretical prediction.
On the other hand, the lattice calculation of the discon-

nected diagram present in Eq. (66) is a highly nontrivial
numerical problem and we shall neglect this contribution
in this paper. Relying on the same arguments that lead to
the derivation of the flavor SUð3Þ version of Dashen’s
theorem [see Eq. (39)], it can be shown that the neutral
pion mass has to vanish in the limit m̂u ¼ m̂d ¼ 0 for
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FIG. 8: Fermionic connected diagrams contributing to the e.m. corrections to ahad
µ

: exchange (a), self energy

(b), tadpole (c), pseudoscalar (d) and scalar (e) insertions. Solid lines represent quark propagators.

For each quark flavor f one has
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where JC

µ

(y) and T
⌫

(y) are given in Eqs. (18) and (20), respectively. In Eq. (41) �mcrit

f

is the

e.m. shift of the critical mass for the quark flavor f , while Z
m

and Z
f

are related to the mass

renormalization constants (RCs) in QCD and QCD+QED. For our maximally twisted-mass setup

�mcrit

f

has been determined in Ref. [25], while 1/Z
m

= Z
P

, where Z
P

is the RC of the pseudoscalar

density evaluated in Ref. [29]. For 1/Z
f

we use the perturbative result at leading order in ↵
em

in

the MS scheme, given by [36]

1

Z
f

(MS, µ) =
q2
f

16⇡2
[6log(aµ)� 22.596] , (46)
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B. Local versus conserved vector currents on the lattice

The vector correlator V (t) can be calculated using either the lattice conserved vector current

JC

µ

(x) or the local vector current J
µ

(x). The latter needs to be renormalized and in our twisted-

mass setup the local vector current for each quark flavor f is given by

J
µ

(x) = q
f

Z
V

 ̄
f

(x)�
µ

 
f

(x) , (17)

where, being at maximal twist, the renormalization is multiplicative through the renormalization

constant Z
V

.

The variation of the lattice action with respect to a vector rotation ↵
V

(x) of the quark fields,

i.e.  (x) ! eiqf↵V (x)  (x) and  (x) !  (x) e�iqf↵V (x) (for any quark flavor f), provides the

relevant Ward-Takahashi identity for the conserved current JC

µ

expressed in terms of the backward

lattice derivative. In our twisted-mass setup one has
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According to the vector Ward-Takahashi identity the polarization tensor hJC

µ

(x)JC

⌫

(y)i is not trans-
verse because of the contact term arising from the vector rotation of the conserved current JC

⌫

(y),

which generates the backward lattice derivative of the tadpole operator and is power divergent as

1/a3. Thus, in the case of two conserved currents the transverse HVP tensor is defined as
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where the tadpole operator is explicitly given by
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On the contrary, in the case of one conserved and one local currents there is no contact term

because the vector rotation of the local current (17) is zero. One gets

⇧CL

µ⌫

(x, y) ⌘ hJC

µ

(x)J
⌫

(y)i , (21)

which is transverse only with respect to the µ index (i.e., @b
µ

⇧CL

µ⌫

(x, y) = 0, where @b
µ

is the backward

lattice derivative).

In the case of two local currents the polarization tensor hJ
µ

(x)J
⌫

(y)i is not transverse. The

mixing pattern of the product of two local currents with all possible operators with equal and lower
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The sea quark propagators have been drawn in blue (and with a different line) and the isosymmetric vacuum polarization
diagrams have not been displayed explicitly. By combining the previous expressions we find the elegant formula

All the isosymmetric vacuum polarization diagrams cancel
by taking the difference of!M!þ and!M!0 together with
the disconnected sea quark loop contributions explicitly
shown in Eqs. (64) and (65). Note, in particular, the can-
cellation of the corrections/counterterms corresponding to
the variation of the symmetric up-down quark mass mud %
m0

ud and to the variation of the strong coupling constant
g2s % ðg0sÞ2. This is a general feature: at first order of the
perturbative expansion in "̂em and m̂d % m̂u, the isosym-
metric corrections coming from the variation of the stong
gauge coupling (the lattice spacing), of mud and of the
heavier quark masses do not contribute to observables that

vanish in the isosymmetric theory, like the mass splitting
M!þ %M!0 . Furthermore, as already stressed, the electric
charge does not need to be renormalized at this order and,
for all these reasons, the expression for the pion mass
splitting can be considered a ‘‘clean’’ theoretical prediction.
On the other hand, the lattice calculation of the discon-

nected diagram present in Eq. (66) is a highly nontrivial
numerical problem and we shall neglect this contribution
in this paper. Relying on the same arguments that lead to
the derivation of the flavor SUð3Þ version of Dashen’s
theorem [see Eq. (39)], it can be shown that the neutral
pion mass has to vanish in the limit m̂u ¼ m̂d ¼ 0 for
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FIG. 8: Fermionic connected diagrams contributing to the e.m. corrections to ahad
µ

: exchange (a), self energy

(b), tadpole (c), pseudoscalar (d) and scalar (e) insertions. Solid lines represent quark propagators.
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where JC
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e.m. shift of the critical mass for the quark flavor f , while Zm and Zf are related to the mass
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shown in Eqs. (64) and (65). Note, in particular, the can-
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the variation of the symmetric up-down quark mass mud %
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ud and to the variation of the strong coupling constant
g2s % ðg0sÞ2. This is a general feature: at first order of the
perturbative expansion in "̂em and m̂d % m̂u, the isosym-
metric corrections coming from the variation of the stong
gauge coupling (the lattice spacing), of mud and of the
heavier quark masses do not contribute to observables that

vanish in the isosymmetric theory, like the mass splitting
M!þ %M!0 . Furthermore, as already stressed, the electric
charge does not need to be renormalized at this order and,
for all these reasons, the expression for the pion mass
splitting can be considered a ‘‘clean’’ theoretical prediction.
On the other hand, the lattice calculation of the discon-

nected diagram present in Eq. (66) is a highly nontrivial
numerical problem and we shall neglect this contribution
in this paper. Relying on the same arguments that lead to
the derivation of the flavor SUð3Þ version of Dashen’s
theorem [see Eq. (39)], it can be shown that the neutral
pion mass has to vanish in the limit m̂u ¼ m̂d ¼ 0 for
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LIB effects à la RM123 [JHEP 1204(2012), Phys.Rev. D87(2013)]

Leading Isospin Breaking (LIB) effects can be calculated directly by expanding
the lattice path-integral in powers of ↵em and (md � mu)
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↵

= O(~g0) +�O

sea quark e.m. effects via (noisy) fermion disconnected diagrams

The graphical representation given in the last of the previous formulas, corresponding to the derivative of the quark
propagator with respect to the critical mass, is specific to the lattice Dirac operators used in this work and the ! signs
correspond, respectively, to D"

f defined in Eq. (30). In the case of standard Wilson fermions red and grey ‘‘blobs’’ would
coincide. All the disconnected contributions coming from the reweighting factor can be readily obtained by using Eq. (52).
For example,

In writing Eqs. (52) and (53) we assumed that the derivatives have been evaluated at ~g ¼ ~g0 and that the functional integral
h$iA with respect to the photon field has already been performed. Note however that, in order to apply the operator! to the
product ðR½U;A; ~g'O½U;A; ~g'Þ [see Eqs. (50) and (51) above], at fixedQED gauge background one also needs the following
expressions for the first order derivatives of the quark propagators and of the quark determinants with respect to e:

A concrete example of application of the formulas given in Eqs. (52) and (53) is represented by the correction to the S"f
quark propagators worked out below

Here quarks propagators of different flavors have been
drawn with different colors and different lines.

The formulas above have been explicitly displayed not
only because they represent the building blocks of the
derivation of the LIB corrections to the hadron masses
discussed in the following, but also for illustrating the
implications of the electroquenched approximation [see
Eq. (35) above]. This approximation is not required in
the calculation of the pion mass splitting because the quark
disconnected diagrams containing sea quark loops are ex-
actly canceled in the difference of !M!þ and !M!0 [see

Eq. (66) below]. This does not happen in the case of the
kaon mass difference; see Eq. (69). Quark disconnected
diagrams are noisy and difficult to calculate and, for this
reason, we have derived the numerical results for MKþ *
MK0 within the electroquenched approximation. The per-
turbative expansion of the electroquenched theory, i.e. the
theory corresponding to the action Se¼0

sea for the sea quarks,
is obtained in practice by setting gs ¼ g0s and

rf½U;A; ~g0' ¼ 1: (56)
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1 + Ṙ + ...
↵

= O(~g0) +�O

sea quark e.m. effects via (noisy) fermion disconnected diagrams

The graphical representation given in the last of the previous formulas, corresponding to the derivative of the quark
propagator with respect to the critical mass, is specific to the lattice Dirac operators used in this work and the ! signs
correspond, respectively, to D"

f defined in Eq. (30). In the case of standard Wilson fermions red and grey ‘‘blobs’’ would
coincide. All the disconnected contributions coming from the reweighting factor can be readily obtained by using Eq. (52).
For example,

In writing Eqs. (52) and (53) we assumed that the derivatives have been evaluated at ~g ¼ ~g0 and that the functional integral
h$iA with respect to the photon field has already been performed. Note however that, in order to apply the operator! to the
product ðR½U;A; ~g'O½U;A; ~g'Þ [see Eqs. (50) and (51) above], at fixedQED gauge background one also needs the following
expressions for the first order derivatives of the quark propagators and of the quark determinants with respect to e:

A concrete example of application of the formulas given in Eqs. (52) and (53) is represented by the correction to the S"f
quark propagators worked out below

Here quarks propagators of different flavors have been
drawn with different colors and different lines.

The formulas above have been explicitly displayed not
only because they represent the building blocks of the
derivation of the LIB corrections to the hadron masses
discussed in the following, but also for illustrating the
implications of the electroquenched approximation [see
Eq. (35) above]. This approximation is not required in
the calculation of the pion mass splitting because the quark
disconnected diagrams containing sea quark loops are ex-
actly canceled in the difference of !M!þ and !M!0 [see

Eq. (66) below]. This does not happen in the case of the
kaon mass difference; see Eq. (69). Quark disconnected
diagrams are noisy and difficult to calculate and, for this
reason, we have derived the numerical results for MKþ *
MK0 within the electroquenched approximation. The per-
turbative expansion of the electroquenched theory, i.e. the
theory corresponding to the action Se¼0

sea for the sea quarks,
is obtained in practice by setting gs ¼ g0s and

rf½U;A; ~g0' ¼ 1: (56)

G.M. DE DIVITIIS et al. PHYSICAL REVIEW D 00

10

Frezzotti-Rossi-Tantalo (Roma - Tor Vergata) Unqueching QED ETMC meeting, Bern 2017 10 / 16

* neglect of the electric sea-quark charges: qf
sea = 0
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Fig. 29. Hadronic higher order VP contributions: a)-c) involving LO vacuum polarization, d) involving HO vacuum polarization
(FSR of hadrons).

perturbative QCD prediction. Less problematic is the space–like (Euclidean) region −q2 → ∞, since it is
away from thresholds and resonances.

The time–like quantity R(s) intrinsically is non-perturbative and exhibits bound states, resonances, in-
stanton effects (η′) and in particular the hadronization of the quarks. In applying pQCD to describe real
physical cross–sections of hadro–production one needs a “rule” which bridges the asymptotic freedom regime
with the confinement regime, since the hadronization of the colored partons produced in the hard kicks into
color singlet hadrons eludes a quantitative understanding. The rule is referred to as quark hadron dual-
ity 15 [231,232], which states that for large s the average non–perturbative hadron cross–section equals the
perturbative quark cross–section:

σ(e+e− → hadrons)(s) ≃
!

q
σ(e+e− → qq̄, qq̄g, · · ·)(s) , (129)

where the averaging extends from the hadron production threshold up to s–values which must lie sufficiently
far above the quark–pair production threshold (global duality). Qualitatively, such a behavior is visible in
the data Fig. 22 above about 2 GeV between the different flavor thresholds sufficiently above the lower
threshold. A glance at the region from 4 to 5 GeV gives a good flavor of duality at work. Note however that
for precise reliable predictions it has not yet been possible to quantify the accuracy of the duality conjecture.
A quantitative check would require much more precise cross–section measurements than the ones available
today. Ideally, one should attempt to reach the accuracy of pQCD predictions. In addition, in dispersion
integrals the cross–sections are weighted by different s–dependent kernels, while the duality statement is
claimed to hold for weight unity. One procedure definitely is contradicting duality reasonings: to “take pQCD
plus resonances” or to “take pQCD where R(s) is smooth and data in the complementary ranges”. Also
adjusting the normalization of experimental data to conform with pQCD within energy intervals (assuming
local duality) has no solid foundation. Nevertheless, the application of pQCD in the regions advocated
in [229] seems to be on fairly solid ground on a phenomenological level. A more conservative use of pQCD
is possible by going to the Euclidean region and applying the Adler function [233] method as proposed in
Refs. [234,165,235]. As mentioned earlier, the low energy structure of QCD also exhibits non–perturbative
quark condensates. The latter also yield contributions to R(s), which for large energies are calculable by the
operator product expansion of the current correlator Eq. (64) [236]. The corresponding ⟨mq q̄q⟩/s2 power
corrections in fact are small at energies where pQCD applies [234,82] and hence not a problem in our context.

4.2. Higher Order Hadronic Vacuum Polarization Corrections

At order O(α3) there are several classes of hadronic VP contributions with typical diagrams shown in
Fig. 29. They have been estimated first in [187]. Classes (a) to (c) involve leading hadronic VP insertions and
may be treated using DRs together with experimental e+e−–annihilation data. Class (d) involves leading
QED corrections of the charged hadrons and correspond to the inclusion of hadronic final state radiation
(FSR).

The O(α3) hadronic contributions from classes (a), (b) and (c) may be evaluated without particular
problems as described in the following.

15Quark–hadron duality was first observed phenomenologically for the structure function in deep inelastic electron–proton
scattering [230].
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the disconnected sea quark loop contributions explicitly
shown in Eqs. (64) and (65). Note, in particular, the can-
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metric corrections coming from the variation of the stong
gauge coupling (the lattice spacing), of mud and of the
heavier quark masses do not contribute to observables that

vanish in the isosymmetric theory, like the mass splitting
M!þ %M!0 . Furthermore, as already stressed, the electric
charge does not need to be renormalized at this order and,
for all these reasons, the expression for the pion mass
splitting can be considered a ‘‘clean’’ theoretical prediction.
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nected diagram present in Eq. (66) is a highly nontrivial
numerical problem and we shall neglect this contribution
in this paper. Relying on the same arguments that lead to
the derivation of the flavor SUð3Þ version of Dashen’s
theorem [see Eq. (39)], it can be shown that the neutral
pion mass has to vanish in the limit m̂u ¼ m̂d ¼ 0 for
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All the isosymmetric vacuum polarization diagrams cancel
by taking the difference of!M!þ and!M!0 together with
the disconnected sea quark loop contributions explicitly
shown in Eqs. (64) and (65). Note, in particular, the can-
cellation of the corrections/counterterms corresponding to
the variation of the symmetric up-down quark mass mud %
m0

ud and to the variation of the strong coupling constant
g2s % ðg0sÞ2. This is a general feature: at first order of the
perturbative expansion in "̂em and m̂d % m̂u, the isosym-
metric corrections coming from the variation of the stong
gauge coupling (the lattice spacing), of mud and of the
heavier quark masses do not contribute to observables that

vanish in the isosymmetric theory, like the mass splitting
M!þ %M!0 . Furthermore, as already stressed, the electric
charge does not need to be renormalized at this order and,
for all these reasons, the expression for the pion mass
splitting can be considered a ‘‘clean’’ theoretical prediction.
On the other hand, the lattice calculation of the discon-

nected diagram present in Eq. (66) is a highly nontrivial
numerical problem and we shall neglect this contribution
in this paper. Relying on the same arguments that lead to
the derivation of the flavor SUð3Þ version of Dashen’s
theorem [see Eq. (39)], it can be shown that the neutral
pion mass has to vanish in the limit m̂u ¼ m̂d ¼ 0 for
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Leading Isospin Breaking (LIB) effects can be calculated directly by expanding
the lattice path-integral in powers of ↵em and (md � mu)

O(~g) =
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⌦
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sea quark e.m. effects via (noisy) fermion disconnected diagrams

The graphical representation given in the last of the previous formulas, corresponding to the derivative of the quark
propagator with respect to the critical mass, is specific to the lattice Dirac operators used in this work and the ! signs
correspond, respectively, to D"

f defined in Eq. (30). In the case of standard Wilson fermions red and grey ‘‘blobs’’ would
coincide. All the disconnected contributions coming from the reweighting factor can be readily obtained by using Eq. (52).
For example,

In writing Eqs. (52) and (53) we assumed that the derivatives have been evaluated at ~g ¼ ~g0 and that the functional integral
h$iA with respect to the photon field has already been performed. Note however that, in order to apply the operator! to the
product ðR½U;A; ~g'O½U;A; ~g'Þ [see Eqs. (50) and (51) above], at fixedQED gauge background one also needs the following
expressions for the first order derivatives of the quark propagators and of the quark determinants with respect to e:

A concrete example of application of the formulas given in Eqs. (52) and (53) is represented by the correction to the S"f
quark propagators worked out below

Here quarks propagators of different flavors have been
drawn with different colors and different lines.

The formulas above have been explicitly displayed not
only because they represent the building blocks of the
derivation of the LIB corrections to the hadron masses
discussed in the following, but also for illustrating the
implications of the electroquenched approximation [see
Eq. (35) above]. This approximation is not required in
the calculation of the pion mass splitting because the quark
disconnected diagrams containing sea quark loops are ex-
actly canceled in the difference of !M!þ and !M!0 [see

Eq. (66) below]. This does not happen in the case of the
kaon mass difference; see Eq. (69). Quark disconnected
diagrams are noisy and difficult to calculate and, for this
reason, we have derived the numerical results for MKþ *
MK0 within the electroquenched approximation. The per-
turbative expansion of the electroquenched theory, i.e. the
theory corresponding to the action Se¼0

sea for the sea quarks,
is obtained in practice by setting gs ¼ g0s and

rf½U;A; ~g0' ¼ 1: (56)
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* neglect of the electric sea-quark charges: qf
sea = 0
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where mud ¼ ðmd þmuÞ=2 is the bare isosymmetric light quark mass. In the case of the neutral pion we obtain

The sea quark propagators have been drawn in blue (and with a different line) and the isosymmetric vacuum polarization
diagrams have not been displayed explicitly. By combining the previous expressions we find the elegant formula

All the isosymmetric vacuum polarization diagrams cancel
by taking the difference of!M!þ and!M!0 together with
the disconnected sea quark loop contributions explicitly
shown in Eqs. (64) and (65). Note, in particular, the can-
cellation of the corrections/counterterms corresponding to
the variation of the symmetric up-down quark mass mud %
m0

ud and to the variation of the strong coupling constant
g2s % ðg0sÞ2. This is a general feature: at first order of the
perturbative expansion in "̂em and m̂d % m̂u, the isosym-
metric corrections coming from the variation of the stong
gauge coupling (the lattice spacing), of mud and of the
heavier quark masses do not contribute to observables that

vanish in the isosymmetric theory, like the mass splitting
M!þ %M!0 . Furthermore, as already stressed, the electric
charge does not need to be renormalized at this order and,
for all these reasons, the expression for the pion mass
splitting can be considered a ‘‘clean’’ theoretical prediction.
On the other hand, the lattice calculation of the discon-

nected diagram present in Eq. (66) is a highly nontrivial
numerical problem and we shall neglect this contribution
in this paper. Relying on the same arguments that lead to
the derivation of the flavor SUð3Þ version of Dashen’s
theorem [see Eq. (39)], it can be shown that the neutral
pion mass has to vanish in the limit m̂u ¼ m̂d ¼ 0 for
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LIB effects à la RM123 [JHEP 1204(2012), Phys.Rev. D87(2013)]

Leading Isospin Breaking (LIB) effects can be calculated directly by expanding
the lattice path-integral in powers of ↵em and (md � mu)

O(~g) =
⌦

R[U,A;~g] O[U,A;~g]
↵A,~g0

⌦

R[U,A;~g]
↵A,~g0 =

⌦

⇣

1 + Ṙ + ...
⌘⇣

O + Ȯ + ...
⌘

↵

⌦

1 + Ṙ + ...
↵

= O(~g0) +�O

sea quark e.m. effects via (noisy) fermion disconnected diagrams

The graphical representation given in the last of the previous formulas, corresponding to the derivative of the quark
propagator with respect to the critical mass, is specific to the lattice Dirac operators used in this work and the ! signs
correspond, respectively, to D"

f defined in Eq. (30). In the case of standard Wilson fermions red and grey ‘‘blobs’’ would
coincide. All the disconnected contributions coming from the reweighting factor can be readily obtained by using Eq. (52).
For example,

In writing Eqs. (52) and (53) we assumed that the derivatives have been evaluated at ~g ¼ ~g0 and that the functional integral
h$iA with respect to the photon field has already been performed. Note however that, in order to apply the operator! to the
product ðR½U;A; ~g'O½U;A; ~g'Þ [see Eqs. (50) and (51) above], at fixedQED gauge background one also needs the following
expressions for the first order derivatives of the quark propagators and of the quark determinants with respect to e:

A concrete example of application of the formulas given in Eqs. (52) and (53) is represented by the correction to the S"f
quark propagators worked out below

Here quarks propagators of different flavors have been
drawn with different colors and different lines.

The formulas above have been explicitly displayed not
only because they represent the building blocks of the
derivation of the LIB corrections to the hadron masses
discussed in the following, but also for illustrating the
implications of the electroquenched approximation [see
Eq. (35) above]. This approximation is not required in
the calculation of the pion mass splitting because the quark
disconnected diagrams containing sea quark loops are ex-
actly canceled in the difference of !M!þ and !M!0 [see

Eq. (66) below]. This does not happen in the case of the
kaon mass difference; see Eq. (69). Quark disconnected
diagrams are noisy and difficult to calculate and, for this
reason, we have derived the numerical results for MKþ *
MK0 within the electroquenched approximation. The per-
turbative expansion of the electroquenched theory, i.e. the
theory corresponding to the action Se¼0

sea for the sea quarks,
is obtained in practice by setting gs ¼ g0s and

rf½U;A; ~g0' ¼ 1: (56)
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sea = 0
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gauge coupling (the lattice spacing), of mud and of the
heavier quark masses do not contribute to observables that

vanish in the isosymmetric theory, like the mass splitting
M!þ %M!0 . Furthermore, as already stressed, the electric
charge does not need to be renormalized at this order and,
for all these reasons, the expression for the pion mass
splitting can be considered a ‘‘clean’’ theoretical prediction.
On the other hand, the lattice calculation of the discon-

nected diagram present in Eq. (66) is a highly nontrivial
numerical problem and we shall neglect this contribution
in this paper. Relying on the same arguments that lead to
the derivation of the flavor SUð3Þ version of Dashen’s
theorem [see Eq. (39)], it can be shown that the neutral
pion mass has to vanish in the limit m̂u ¼ m̂d ¼ 0 for
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LIB effects à la RM123 [JHEP 1204(2012), Phys.Rev. D87(2013)]

Leading Isospin Breaking (LIB) effects can be calculated directly by expanding
the lattice path-integral in powers of ↵em and (md � mu)

O(~g) =
⌦

R[U,A;~g] O[U,A;~g]
↵A,~g0

⌦

R[U,A;~g]
↵A,~g0 =

⌦

⇣

1 + Ṙ + ...
⌘⇣

O + Ȯ + ...
⌘

↵

⌦

1 + Ṙ + ...
↵

= O(~g0) +�O

sea quark e.m. effects via (noisy) fermion disconnected diagrams

The graphical representation given in the last of the previous formulas, corresponding to the derivative of the quark
propagator with respect to the critical mass, is specific to the lattice Dirac operators used in this work and the ! signs
correspond, respectively, to D"

f defined in Eq. (30). In the case of standard Wilson fermions red and grey ‘‘blobs’’ would
coincide. All the disconnected contributions coming from the reweighting factor can be readily obtained by using Eq. (52).
For example,

In writing Eqs. (52) and (53) we assumed that the derivatives have been evaluated at ~g ¼ ~g0 and that the functional integral
h$iA with respect to the photon field has already been performed. Note however that, in order to apply the operator! to the
product ðR½U;A; ~g'O½U;A; ~g'Þ [see Eqs. (50) and (51) above], at fixedQED gauge background one also needs the following
expressions for the first order derivatives of the quark propagators and of the quark determinants with respect to e:

A concrete example of application of the formulas given in Eqs. (52) and (53) is represented by the correction to the S"f
quark propagators worked out below

Here quarks propagators of different flavors have been
drawn with different colors and different lines.

The formulas above have been explicitly displayed not
only because they represent the building blocks of the
derivation of the LIB corrections to the hadron masses
discussed in the following, but also for illustrating the
implications of the electroquenched approximation [see
Eq. (35) above]. This approximation is not required in
the calculation of the pion mass splitting because the quark
disconnected diagrams containing sea quark loops are ex-
actly canceled in the difference of !M!þ and !M!0 [see

Eq. (66) below]. This does not happen in the case of the
kaon mass difference; see Eq. (69). Quark disconnected
diagrams are noisy and difficult to calculate and, for this
reason, we have derived the numerical results for MKþ *
MK0 within the electroquenched approximation. The per-
turbative expansion of the electroquenched theory, i.e. the
theory corresponding to the action Se¼0

sea for the sea quarks,
is obtained in practice by setting gs ¼ g0s and

rf½U;A; ~g0' ¼ 1: (56)
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The formulas above have been explicitly displayed not
only because they represent the building blocks of the
derivation of the LIB corrections to the hadron masses
discussed in the following, but also for illustrating the
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actly canceled in the difference of !M!þ and !M!0 [see

Eq. (66) below]. This does not happen in the case of the
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diagrams are noisy and difficult to calculate and, for this
reason, we have derived the numerical results for MKþ *
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theory corresponding to the action Se¼0
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* neglect of the electric sea-quark charges: qf
sea = 0
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development of an analytic representation of the correlator for s- and c-
quark contributions

use of the new ETMC lattice setup @ the physical pion point

systematic study of FVEs in the strong and QED IB correctionsIn
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Ground-state identification

~ OK for the strange contribution 

   OK for the charm contribution
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Figure 5. Effective mass of the vector correlator V (t) in the case of the strange (left panel) and
charm (right panel) contributions for the ETMC gauge ensembles specified in the insets.

4 Strange and charm contributions: lowest order

Let’s start by considering the evaluation of ahadµ (<) and ahadµ (>) defined in eqs. (3.2)–(3.3)

for various values of the “cut” T data chosen in the range between tmin and tmax given

in table 2.

The results for the strange contribution to ahadµ (<), ahadµ (>) and their sum ahadµ ob-

tained adopting four choices of T data, namely: T data = (tmin+2), (tmin+tmax)/2, (tmax−2)

and (T/2 − 4), are collected in table 3 for illustrative purposes in the case of few ETMC

gauge ensembles.

The separation between ahadµ (<) and ahadµ (>) depends on the specific value of T data, as

it should be, but their sum ahadµ is almost independent of the choice of the value of T data in

the range between tmin and tmax. This is also reassuring of the fact that the value of ahadµ is

not contaminated significantly by the presence of backward signals in the correlator V (t).

In the case of the charm contribution the value of ahadµ (>) is always several orders of

magnitude smaller than ahadµ (<) and the latter turns out to be the same for all the four

choices of T data.

Note that for T data = T/2−4 the contribution ahadµ (>), which depends on the analytic

representation (3.3), does not exceed ≃ 1.2% of the total value ahadµ even at the smallest

value of the time extension T .

In what follows all the four choices of T data will be employed in the various branches of

our bootstrap analysis. The corresponding systematics is largely sub-dominant with respect

to the other sources of uncertainties and it will not be given separately in the error budget.

The results obtained for the strange and charm contributions to ahadµ are shown by

the empty markers in figure 6. We observe a mild dependence on the light-quark mass,

being driven only by sea quarks, and also small residual FSEs visible only in the case of the
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Quark-hadron duality
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Subtraction of FVEs
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Tuning the critical mass

       The Dashen theorem: in the massless theory, the neutral pion and 

kaon are Goldstone bosons  

even in the presence of  

electromagnetic interactions:

1

  
lim
mf →0

M
π 0 = lim

mf →0
M

K0 = 0

       With twisted mass fermions, one can extend the method used also 

in the isosymmetric QCD case, based on a specific Ward-Takahashi 

identity:

2

  
∇

µ
V
µ
1(x)P5

2(0) = 0

More precise: it does not require 
a chiral extrapolation


