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Introduction
A nonperturbative mechanism for the generation of a finite quark mass
Might be a viable nonperturbative alternative to the Higgs mechanism
Motivated by naturalness, mass hierarchy and flavor problems of the Standard
Model
Wilson fermions: the critical Wilson term explicitly breaks chiral symmetry, and
this triggers a spontaneous dynamical chiral symmetry breaking
However, the associated mass term cannot be disentangled from the 1/a
divergence of the critical mass
Idea: add scalar fields, coupled to a SU(2) fermion doublet via Yukawa and
Wilson-like terms (toy model)
Conjecture: for some critical value of the Yukawa coupling, in the phase in
6 0 a light fermion mass can be dinamically generated
which hΦi =
There are no 1/a divergences in the toy model, and one can observe this
nonperturbative mass directly
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This mass originates from peculiar nonperturbative operator mixings, triggered
by the Wilson-like terms, which survive the removal of the ultraviolet cutoff
The structure of the toy model allows also easily to include electroweak
interactions – and the finite masses of the W and Z can also be generated by
the same nonperturbative mechanism
⇒ full BSM model of elementary particles (with massless neutrinos)
Could also be an interesting new approach to the mass hierarchy problem: the
stronger is the strongest of the interactions a fermion is subjected to, the larger
its mass – and could also explain why the mass of the top quark is so large
In the Standard Model even the order of magnitude of the masses of
elementary fermions, weak gauge bosons and the Higgs is not understood, but
simply fit to the experimental data
Here: common nonperturbative physical mechanism, and the magnitude of the
masses is parametrically understood
The 125 GeV scalar could be a bound state of two electroweak bosons, the
binding due to superstrongly interacting fermions
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Wilson fermions
Wilson fermions: the Wilson term breaks chiral symmetry, and the
renormalization of the quark mass requires a mcr ψψ counterterm, which is
linearly divergent and formally given by
mcr =

c0
+ c1 ΛQCD + O(a)
a

If we could tune in the Wilson action m0 to exactly cancel only the c0 /a term,
then c1 ΛQCD would play the role of a quark mass in the renormalized theory
To see this, consider the renormalized axial (nonsinglet) Ward identities of
Wilson fermions [Bochicchio et al., 1985] :
f
∇µ hJˆ5µ
(x)Ô(0)i = h∆f Ô(0)iδ(x)+2(m0 − M (m0 ))hP f (x)Ô(0)i+O(a)
f
is the nonsinglet axial current and M the mixing coefficient between the
J5µ

axial variation of the Wilson term, O5f , and the pseudoscalar quark density, P f :
Ô5f (x)

=

where in general

h

Z5 O5f (x)

2M f
ZA − 1
f
+
P (x) +
∇µ J5µ
(x)
a
a

i

c0 (1 − d1 )
+ c1 (1 − d1 )ΛQCD + d1 m0 + O(a)
a
with the coefficients c0 , c1 and d1 functions of the gauge coupling
M (m0 ) =
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Imposing M (m0 ) = m0 one gets exactly mcr = c0 /a + c1 ΛQCD + O(a)
If we could set m0 = c0 /a, the Ward identity would take the form
f
∇µ hJˆ5µ
(x)Ô(0)i = h∆f Ô(0)iδ(x) − 2 c1 (1 − d1 )ΛQCD hP f (x)Ô(0)i + O(a)
Then we can see that the term proportional to ΛQCD plays the role of a
nonperturbatively generated quark mass
This mass is dynamically generated as a result of the interplay between O(a)
chiral breaking effects left over in the critical theory and power divergences of
loop integrals where a Wilson vertex is inserted
But: these nonperturbative effects are not seen in standard lattice simulations,
because one takes mcr to be the value of m0 at which the PCAC mass
vanishes, which is the whole expression, not just c0 /a
The c1 ΛQCD term, if present, is eliminated away together with the 1/a term
Difficult fine tuning problem of separating a small (nonperturbative)
contribution c1 ΛQCD from a large (perturbative) mass term c0 /a
Is there numerical evidence for a nonvanishing c1 ΛQCD term in simulations
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with Wilson fermions?
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ETM twisted mass at maximal twist, except clover in one case; and 2-loop PT
Linear behavior: the slope is c1 ΛQCD r0 – and does not vanish!
One cannot rigorously determine an a/r0 range where the logarithmic
a-dependence of amcr and the higher order lattice artefacts that become
important at large enough a values can be considered negligible
But, it is difficult to give a reasonable description of the nonperturbative points
without a linear term of the kind c1 ΛQCD a/r0 contained in mcr
Moreover, the a/r0 behavior of the 2-loop perturbative curves is very different
from that of the nonperturbative data
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Reliable fits give about 700, 900 and 1000 MeV for c1 ΛQCD in the three
twisted mass cases – a mild Nf dependence
In the clover case, c1 appears instead to be rather small, it looks almost flat
This is not surprising: a non-zero slope is a consequence of the chiral breaking
terms in the Wilson action
But the chirality breaking effects are suppressed when one adds a clover term
which is nonperturbatively tuned, and in this case c1 must be much smaller
(O(a) chiral breaking effects will be absent only in on-shell quantities)
The existence in mcr of nonperturbative O(aΛQCD ) corrections should not
come as a surprise
Indeed, there is an overwhelming evidence for similar cutoff effects in Wilson
fermions simulations, where they are seen to affect the correlation functions
from which physical quantities like masses, operator matrix elements, etc., are
extracted
On the other hand, it is known that in the absence of spontaneous chiral
symmetry breaking effects all (non-trivial) correlators of massless Wilson
fermions would be automatically O(a) improved – which is not the case Zeuthen – p.9

One expects a dependence of c1 on the Wilson r parameter which is
non-analytic – this is a footprint of the dynamical origin of the nonperturbative
mass term c1 ΛQCD
Since the Wilson term is odd in r, c1 should be proportional to the sign of r
(times an r-even coefficient)
This behavior is analogous to what happens in QCD with the chiral condensate
hqqi, which (in the infinite volume limit) is proportional to the sign of mq
In both instances it is the dynamical breaking of chiral symmetry, triggered by
either the (critical) Wilson term or by a nonzero mass term, that is responsible
for the occurrence of such nonperturbative dynamical phenomena
We want now to argue that in Wilson QCD there is room for the appearance of
a finite (up to logs) contribution in mcr , like the term c1 ΛQCD that we have
discussed
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Theoretical arguments
Two lines of reasoning:
Symanzik expansion, and lattice fermion self-energy
spectral density of the Dirac operator
Of course none of these two lines of reasoning can be rigorously pursued until
the end. . . – otherwise we would be able to do exact nonperturbative mass
calculations in a regularized field theory
But the converging results provided by the two approaches give us confidence
that the numerical indications that we have discussed are a real feature of mcr
First argument: delicate interplay between O(a) corrections to quark and gluon
propagators and vertices coming from the spontaneous breaking of chiral
symmetry, and the power-like divergence of the loop integration in self-energy
diagrams where one Wilson term vertex is inserted
Indeed, peculiar nonperturbative O(a) corrections proportional to ΛQCD (and
independent of m0 − mcr ) affect lattice correlators
They can be described in terms of formal O(a) contributions in the Symanzik
expansion of lattice correlators
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In the limit m0 → mcr we can in general write
′

L

′

hO(x, x , ...)i
O(x, x′ , ...)

C

′

= hO(x, x , ...)i − ahO(x, x , ...)
⇔

Z

4

d zL5 (z)i

C

+ O(a2 )

Abµ (x)Acν (x′ ) , qL/R (x)q L/R (x′ ) , qL/R (x)q L/R (x′ )Abµ (y)

where O is a (multi)local, formally chiral invariant operator and L5 is the d = 5
chiral breaking Symanzik local effective Lagrangian operator
L5 = bσF q(iσ · F )q + bDD q(−D · D)q
The O(a) continuum correlators would vanish were it not for the chiral breaking
(critical) Wilson term which triggers spontaneous chiral symmetry breaking
From symmetry and dimensional arguments one can write the nonperturbative
O(a) contributions as
 Λ2

L
QCD
bc
bc Πµν (k)
∆Gµν (k) = −αs aΛQCD δ
fAA
k2
k2
L

∆SLL/RR (k)
L

= −αs aΛQCD

 Λ2

ikµ (γµ )LL/RR
QCD
fqq
2
k
k2

b
(k,
ℓ)
=
α
aΛ
ig
λ
γµ fAqq
∆Γb,µ
s
QCD
s
Aqq


2
2
Λ
Λ
QCD
QCD
QCD
,
,
k2
ℓ2
(k + ℓ)2

 Λ2
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where Πµν (k) is the projector appropriate to the chosen gauge fixing condition

These nonperturbative O(a) contributions do no appear on the free theory, and
so they must be proportional to some power of αs
The factor αs comes from the fact that the quark or gluon emitted from the L5
vertex has to be absorbed somewhere else in the diagram
The RGI scale ΛQCD signals the nonperturbative nature of the effect
From the Symanzik analysis of lattice artefacts, such kinds of O(a) expansions
are expected to be valid for squared momenta small compared to 1/a2
Here we assume that these nonperturbative effects continue to exist up to
large momenta, and conjecture the asymptotic behavior
fAA

 Λ2

fAqq

QCD
k2

 Λ2

QCD
k2



k2 →∞

−→ hAA ,

fqq

 Λ2

QCD
k2



k2 →∞

−→ hqq

Λ2QCD Λ2QCD  k2 ,ℓ2 ,(k+ℓ)2 →∞
,
−→
hqq
2
2
ℓ
(k + ℓ)

where hAA and hqq are O(1) constants, and the last two limits are related by
gauge invariance
The constant large momentum behavior will be essential to generate a finite
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fermion mass contribution

To explicitly see how the finite c1 ΛQCD term can arise in mcr , let us consider
the L − R component of the quark propagator and look for possible
O(a0 ΛQCD ) nonperturbative mass-like contribution in lattice QCD
Example: the diagram

L

L

aΛ

L

aV5

R

In the a → 0 limit, the loop momentum counting gives (for small external
momentum) factors aΛQCD αs kµ /k 2 and 1/k 2 from the nonperturbative
contribution to the quark propagator and the standard gluon propagator, and a
factor akµ from the derivative coupling of the Wilson vertex
Assuming the constant asymptotic behavior, the multiplicative a2 power is
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exactly compensated by the quadratic divergency of the loop integral

Including an αs factor from the gluon loop, one gets a nonperturbative fermion
mass term of the order
aΛQCD gs2 αs

Z

1/a

d4 k

kµ 1
akµ
k2 k2

∼ gs2 αs ΛQCD

Other diagrams give similar nonperturbative mass contributions producing, to
lowest order in the gauge coupling, the result c1 ∼ O(α2s )
To summarize: this argument shows that O(aΛQCD αs ) corrections to
propagators and vertices have the potential of generating nonperturbative
O(α2s ΛQCD ) corrections to the quark self-energy
We will not discuss here the argument based on the spectral density of the
Dirac operator
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Beyond Wilson
Central issue: would it be possible to subtract from m0 not the whole critical
mass (vanishing PCAC mass condition, restoration of the nonsinglet Ward
identities), but only the c0 /a counterterm?
One should single out this nonperturbative finite mass from beneath the
linearly divergent term which accompanies it
This is a naturalness problem, which for Wilson fermions has no solution –
there is only one operator of dimension three with which O5 can mix (P )
We need some extension of QCD . . . → add scalar particles
Have some useful symmetries – they are of primary importance for the solution
of the fine tuning problem
If we want to avoid an undesirable fine tuning, we need to provide a good
reason for choices like m0 = c0 /a, or special values of the chirality restoring
countertem parameters
Indeed, with this extension of QCD, the toy model, we have an enlarged chiral
symmetry, and the fine tuning can be successfully done – a natural solution of
the naturalness problem
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Toy model
Ltoy (Q, A, Φ) = Lkin (Q, A, Φ) + V(Φ) + LW il (Q, A, Φ) + LY uk (Q, Φ)
with


1
1 
†
6
6
Lkin (Q, A, Φ) = (F · F ) + QL D QL + QR D QR + tr ∂µ Φ ∂µ Φ
4
2
µ20  †  λ0  † 2
V(Φ) =
tr Φ Φ +
tr Φ Φ
2
4

b2
←
−
←
− †
LW il (Q, A, Φ) = ρ QL D µ ΦDµ QR + QR D µ Φ Dµ QL
2
†

LY uk (Q, Φ) = η QL ΦQR + QR Φ QL



where Φ = (φ, −iτ 2 φ∗ ), QL = (uL , dL )T , Dµ = ∂µ − igs λa Aaµ ,
←
−
←
−
D µ = ∂ µ + igs λa Aaµ
A non-abelian gauge model with fermion and scalar SU(2) doublets
A crucial role in the model is played by the d = 4 Yukawa term and the
Wilson-like d = 6 operator – the fermion doublet is coupled to a complex scalar
field via Yukawa and Wilson-like terms
The parameter ρ has no relevance for the naturalness argument here, but it will
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become important when eletroweak interactions are added

Symmetries of the toy model
b−1 = ΛU V is the ultraviolet cutoff
This model, which includes QCD, is renormalizable by power counting
Usual Lorentz, gauge, P , C, T symmetries . . .
The Lagrangian is invariant under global χ = χL ⊗ χR transformations
of the form

χL = χ
eL ⊗ χΦ
L,
χ
eL :

χR = χ
eR ⊗ χΦ
R

QL −→ ΩL QL

QL −→ QL Ω†L

χ
eR :

QR −→ ΩR QR

χΦ
L :

Φ −→ ΩL Φ

χΦ
R :

QR −→ QR Ω†R
Φ −→ Φ Ω†R

where ΩL ∈ SU (2)L and ΩR ∈ SU (2)R
This chiral symmetry forbids any 1/a fermion mass term: a giant step towards
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solving the naturalness problem

Despite the presence of two chirality breaking operators, an exact symmetry
acting on fermions and scalars prevents perturbative mass corrections
The conserved currents corresponding to the exact χL ⊗ χR symmetry are
(i = 1, 2, 3)
i 
τi
1  † τi
† τ
= QL γµ QL − tr Φ
∂µ Φ − (∂µ Φ ) Φ
2
2
2
2

τi
b2
←
− † τi
QL
− ρ QL ΦDµ QR − QR D µ Φ
2
2
2

1 
τi
τi †
τi
†
Ri
Jµ = QR γµ QR − tr (∂µ Φ )Φ − Φ (∂µ Φ)
2
2
2
2

b2
τi †
←
− τi
− ρ QR Φ Dµ QL − QL D µ Φ QR
2
2
2

JµL i

with the Ward identities
∂µ hJµL i (x) Ô(0)i = h∆iL Ô(0)iδ(x)

∂µ hJµR i (x) Ô(0)i = h∆iR Ô(0)iδ(x)
For generic values of the parameters Ltoy is instead not invariant under the
eL and χ
eR , in which the scalar field
purely fermionic chiral transformations χ
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does not take part

These transformations give rise to the (bare) Schwinger-Dyson equations
i
i

τ
τ
†
e
e
− η h QL ΦQR − QR Φ
=
QL (x) Ô(0)i
2
2


i
i
b2
←
− τ
←
− †τ
− ρ h QL D µ ΦDµ QR − QR D µ Φ
Dµ QL (x) Ô(0)i
2
2
2

∂µ hJµL i (x) Ô(0)i

h∆iL Ô(0)iδ(x)

i
i

τ
τ
†
e
e
− η h QR Φ QL − QL Φ QR (x) Ô(0)i
=
2
2


b2
←
− τi †
←
− τi
− ρ h QR D µ Φ Dµ QL − QL D µ Φ Dµ QR (x) Ô(0)i
2
2
2

∂µ hJµR i (x) Ô(0)i

h∆iR Ô(0)iδ(x)

The non-conserved currents associated to the transformations χ
eL and χ
eR are
JeµL i

JeµR i









τi
b2
τi
←
− † τi
= QL γµ QL − ρ QL ΦDµ QR − QR D µ Φ
QL
2
2
2
2

b2
τi
τi †
←
− τi
= QR γµ QR − ρ QR Φ Dµ QL − QL D µ Φ QR
2
2
2
2

They differ from the conserved ones, JµL i and JµR i , only because they are
missing the contribution bilinear in the scalar field coming from the kinetic term
of Φ
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Symmetry enhancement
The Wilson-like term plays a similar role to that of the Wilson term in standard
lattice QCD with Wilson fermions
For this purpose one could also have chosen other operators, like
QL Φ i(σ · F )QR + QR Φ† i(σ · F )QL
Lagrangian terms with d = 6 are part of the ultraviolet regularization of the
model – we only need some d ≥ 6 operator that breaks the purely fermionic
chiral symmetry
So, the fermionic chiral symmetry is in general broken if (ρ, η) 6= (0, 0)
But there exist a critical value ηcr (gs2 , ρ, λ0 ) of the Yukawa coupling for which
eL ⊗ χ
eR becomes a symmetry of the theory!
also χ

ηcr is determined by enforcing the conservation of the currents JeµL,i and JeµR,i

An extension of the Golterman-Petcher theorem of the Higgs-Yukawa model to
this toy model, where fermions interact also with gauge fields
The symmetry restoration does not depend on the fine details of the ultraviolet
regulator, only the numerical value of ηcr (and of other bare parameters) will
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change

Different phases with different physics
The physics of this model depends on the shape of the quartic potential of the
scalar field
Two phases of the χL ⊗ χR symmetry, which can be realized
à la Wigner, or

à la Nambu-Goldstone

eL ⊗ χ
eR symmetry is completely
The physics of the model with enhanced χ
different in these two phases:
hΦi = 0, single minimum, Wigner phase:
no dynamical generation of mass
hΦi =
6 0, Mexican hat shape, Nambu-Goldstone phase:

e symmetry is dynamically broken by a nonperturbative mechanism
the χ
(analogous to the generation of c1 ΛQCD in lattice QCD)
The toy model appears to be the minimal setup for the generation of mass
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Wigner phase
Wigner phase: V(Φ) has a single minimum, and one gets hΦi = 0
We expect the field Φ not to be able to provide a seed for dynamical χ
eL ⊗ χ
eR
symmetry breaking
Nonperturbative terms (which we later in the Nambu-Goldstone phase will
denote by . . . ) are not expected to occur in the mixing pattern of the
six-dimensional operators in this phase
So, the operator mixings are of the same form as those found in perturbation
theory
The squared mass of Φ undergoes additive and multiplicative renormalization:
−1
µ̂2Φ = ZΦ
†Φ



τ
µ20 − 2
b



where τ is a dimensionless function of gs2 , λ0 , η and ρ
ηcr can only be a function of dimensionless bare parameters, and so it
depends on the scalar squared mass only via the quantity
b2 ZΦ† Φ µ̂2Φ = b2 µ20 − τ , a negligible O(b2 ) effect
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Symmetry enhancement
To understand the details of the χ
eL ⊗ χ
eR symmetry enhancement, let us
renormalize the model and study the mixing pattern of the operators appearing
in the bare Schwinger-Dyson equations
We look at the mixing pattern of the dimension-six operators

h

i

O6L i

i
1
←
− τ
= ρ QL D µ ΦDµ QR − h.c.
2
2

O6R i

1
←
− τi †
= ρ QR D µ Φ Dµ QL − h.c.
2
2

h

i

Like in Bochicchio et al., the symmetries of Ltoy mean that these mix with two
d = 4 operators, plus a set of six-dimensional ones ([O6L i ]sub and [O6R i ]sub ):
O6L i

=

h

O6L i

h

i

O6R i = O6R i

+

sub

i

+
sub

ZJe − 1
b2

ZJe − 1
b2

e

∂µ JµL i

h

i

τi
η
− 2 QL ΦQR − h.c. + . . .
b
2

h

i

i
η
τ
R
i
∂µ Jeµ − 2 QR Φ† QL − h.c. + . . .
b
2

The . . . denote possible nonperturbative contributions to the operator mixing
They are actually the main focus here, and we will soon discuss the
circumstances of their possible appearance
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We do not need to resolve the mixing among the different d = 6 operators, they
only give rise to negligible O(b2 ) effects
In deriving these equations the conservation laws ∂µ JµL i = 0 and ∂µ JµR i = 0
have been used to eliminate from the mixing pattern the purely Φ-dependent



operators ∂µ tr

i
Φ† τ2 ∂µ Φ

−

i
(∂µ Φ† ) τ2 Φ





and ∂µ tr (∂µ Φ

†

i
)Φ τ2

−

τi †
Φ ∂µ Φ
2



For now we are renormalizing the Schwinger-Dyson equations, not the whole
model
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The critical value of η at which (up to irrelevant terms of order b2 ) the
eL ⊗ χ
eR become a symmetry of the theory can be consistently
transformations χ
determined by imposing that the Schwinger-Dyson equations take the form of
eL ⊗ χ
eR symmetry:
renormalized Ward identities of the χ
∂µ hZJeJeµL i (x) Ô(0)i

∂µ hZJeJeµR i (x) Ô(0)i

cr

cr

e iL Ô(0)i
= h∆

e iR Ô(0)i
= h∆

δ(x) + O(b2 )

cr

δ(x) + O(b2 )
cr

Now, in Wigner phase, the . . . terms are set to zero
What happens is that taking η equal to the solution of the equation
η = η(gs2 , ρ, λ0 , η) =⇒ η = ηcr (gs2 , ρ, λ0 )
makes the χ
eL/R -variation of the d = 4 Yukawa term cancel the d = 4 operator
L/R i

that mixes with −b2 O6
in the action

, which is the χ
eL/R -variation of the Wilson-like term

As a consequence, in the right hand side of the Ward identities only d ≥ 6
subtracted operators are left, which contribute irrelevant cutoff artefacts of
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order b2

So, if one sets η = ηcr the transformations χ
eL ⊗ χ
eR are promoted to
symmetries of the action
This implies that also the transformations χΦ
L : Φ −→ ΩL Φ and
†
2
χΦ
R : Φ −→ Φ ΩR become symmetries of the action (always up to O(b )
effects): the scalar field actually decouples from the fermion and gauge
boson degrees of freedom
To this order the corresponding currents JµL i − JeµL i and JµR i − JeµR i , that
involve only scalar fields, are now conserved
In a sense, at ηcr the Yukawa and the Wilson-like term compensate each
eL/R variation of the Yukawa term cancels the dimension-four
other: the χ
operator which mixes with the χ
eL/R variation of the Wilson-like term

Thus: we achieve cancellation of χ
e-symmetry breaking effects, and χ
eL ⊗ χ
eR is
promoted to a symmetry of the action while the effective Yukawa coupling
vanishes (up to irrelevant O(b2 ) cutoff artefacts)
Maximal enhancement of the chiral symmetry, charge algebra closure
At ηcr the Schwinger-Dyson equations become Ward identities
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The χ
eL × χ
eR charge algebra closes, even though in the Nambu-Goldstone
phase the corresponding Ward identities are broken by O(α2s Λs ) mass terms
of nonperturbative origin
Decoupling of the scalar field:
no Yukawa coupling in the effective action
no mq ∼ hΦi

recovery of χ
eL/R at ηcr

χ
eL ⊗ χ
eR = χL ⊗ χR in correlators with quarks and gluons
That the scalars are completely decoupled from fermions and gluons dictates
the form of the local part of the 1PI effective Lagrangian of the theory in the
Wigner phase (µ̂2Φ > 0):
1
ig
LW
(F · F ) + QL6 D QL + QR6 D QR
=
4
4
2 

 λ̂  † 2
µ̂
1 
φ
†
†
+ tr ∂µ Φ ∂µ Φ +
tr Φ Φ +
tr Φ Φ
2
2
4
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Nambu-Goldstone phase
What are the physical properties of the model in the Nambu-Goldstone phase
with the dimensionless Yukawa coupling kept at the critical value ηcr ?
The χL ⊗ χR symmetry is reduced to its diagonal subgroup χV
Expand the scalar field around its vev: Φ(x) = (v + σ(x))112x2 + i~π (x) · ~τ ,
where ~π is a triplet of massless pseudoscalar Nambu-Goldstone bosons and σ
is a scalar of mass mσ of order hΦi
Ignoring the fluctuations of Φ around its vev, the d = 6 term LW il with
b2 v → ar looks very much like the d = 5 Wilson term of Wilson fermions
We may then expect that the residual χ
eL ⊗ χ
eR breaking terms left-over at ηcr ,
where LW il is (partially) compensated by LY uk , will trigger the phenomenon of
dynamical chiral symmetry breaking
. . . just as it happens with Wilson fermions, where the (critical) Wilson term can
trigger the chiral symmetry breaking
Indeed in this familiar case, since there is a residual explicit O(a) breaking of
chirality, we know that the phenomenon of spontaneous chiral symmetry
breaking occurs even when m0 is set at mcr and the Wilson term gets
(partially) compensated by the mass term
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So, the χ
e symmetry is dynamically broken by a nonperturbative mechanism
(analogous to the generation of c1 ΛQCD for Wilson fermions)
The new crucial thing with respect to Wilson QCD: now a new operator of
dimension three appears in the renormalized Ward identities, which comes
multiplied by a well-defined and naturally light fermion mass
The residual chiral breaking terms trigger the dynamical spontaneous breaking
of the recovered chiral symmetry → nonperturbative finite mass (up to logs)
The fermion mass, of dynamical origin, is proportional to Λs and independent
of the expectation value of the scalar field
It is because at the critical Yukawa coupling ηcr the fermion chiral
transformations χ
eL ⊗ χ
eR become a symmetry of the theory that the
dynamically generated mass is naturally light, and unrelated to the value of hΦi
Also, the value of ηcr does not depend on the mass of the scalar field
We can use in the Nambu-Goldstone phase the same value of ηcr which has
been previously determined in the Wigner phase
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Toy model: after compensation of the Yukawa and Wilson-like terms, the
e-breaking contributions of O(b2 hΦi) induce a spontaneous
residual χ
χ
e-symmetry breaking and dynamically generate the nonperturbative mass

A nonperturbative mass operator appears in the effective action reflecting the
spontaneous symmetry breaking of χ
eL/R

We stress again that in the toy model the relevant chiral symmetry which is
dynamically broken (triggered by the Wilson-like term) is χ
eL ⊗ χ
eR

Conjecture: χ
e-symmetry breaking induces nonperturbative vertex corrections,
and in this way and a nonperturbative fermion mass emerges (which must be
proportional to Λs )
Value of this mass: numerically unrelated to the expectation value of the scalar
field – proportional to the ΛRGI of the strong interactions of the fermions
The value of the mass depends on the details of the ultraviolet regularization of
the model: universality breaking at the nonperturbative level
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Symanzik expansion
To determine the properties of the critical theory in the Nambu-Goldstone
phase, we study how nonperturbative terms coming from dynamical chiral
symmetry breaking can affect correlators and in particular the building blocks
that enter the quark self-energy diagrams
Let us look at the small b expansion of the gluon-gluon-scalar,
QL/R -QL/R -scalar, QL/R -QL/R -gluon-scalar correlators that take the form
′

R

hO(x, x , ...)i
2

F

= hO(x, x , ...)i
′

−b hO(x, x , ...)
O(x, x′ , ...)

′

⇔

Z

e
/
χ
χ
d z [ L6 + Le
6 ](z)i
4

F

+ O(b4 )

Abµ (x)Acν (x′ )σ(y) , QL/R (x)QL/R (x′ )σ(y)
QL/R (x)QL/R (x′ )σ(y)Abµ (y ′ ) . . .

e
/
χ

χ
L6 is the d = 6 χ
e-breaking operator, and Le
e-conserving one
6 the d = 6 χ

|R means that expectation values are taken in the ultraviolet regulated theory,
|F that expectation values are taken in the formal theory
The renormalized correlation functions have a Symanzik-like expansion with
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only even powers of b

Terms odd in b are excluded because the Lagrangian has also the discrete
symmetry Dd , consisting in multiplying each field (of naive dimension d) by
eiπd = (−1)d and changing sign to its space-time argument

e
/
χ

Like for Wilson fermions, the O(b2 ) terms with the insertion of L6 would vanish
were it not for the nonperturbative phenomenon of dynamical chiral symmetry
breaking
The resulting nonperturbative contributions to the gluon-gluon-scalar,
QL/R -QL/R -scalar, QL/R -QL/R -gluon-scalar vertices will have the form
µν
∆Γbc
AAΦ (k, ℓ)



Λ2s
δ bc
Tµν FAAΦ
= b Λ s αs
2
mom2

R

2





Λ2s
i
∆ΓQQΦ (k, ℓ) = b Λs αs γµ (2k + ℓ)µ FQQΦ
2
mom2
R

∆Γb,µ

QQAΦ

2

R

(k, ℓ, ℓ′ ) = b2 Λs αs igs λb γµ FQQAΦ

where Tµν = [k(k + ℓ)δµν − kµ (k + ℓ)ν ] + [µ → ν]



Λ2s
mom2





and mom stands for any one of the kinematically appropriate momenta in the
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set {k, ℓ, ℓ′ , ..., ℓ′ + ℓ, k + ℓ}

Similarly to Wilson fermions, the factor αs comes from the fact that the quark

e
/
χ

or gluon line emitted from the L6 vertex has to be absorbed somewhere in the
diagram
Like for Wilson fermions, we assume that the nonperturbative effects persist up
to mom2 = O(b−2 ), and conjecture the asymptotic behavior
FAAΦ
FQQΦ

 Λ2 
mom2 →∞
s


FQQAΦ

mom2

Λ2s
mom2



−→

mom2 →∞

−→

HAA
HQQ

 Λ2 
mom2 →∞
s
mom2

−→

HQQ

where HAA and HQQ are O(1) constants, and the last two limits are related by
gauge invariance
With these building blocks, we can now see how finite O(gs2 αs Λs )
nonperturbative contributions to the fermion mass can arise
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We look at some self-energy diagrams, for example

L

σ/π

L

b2 Λ

b2 V6

R

The finiteness of these contributions can be understood from a counting of
loop momenta in the graphs
Neglecting external (compared to loop) momenta, one finds a double integral
with factors 1/k 2 and 1/(ℓ2 + m2σ ) from the standard gluon and σ propagators,
the factors γµ kµ /k 2 and γν (k + ℓ)ν /(k + ℓ)2 for the quark propagators, a factor
b2 (k + ℓ)λ from the derivative coupling in LW il , and a factor b2 αs Λs (2k + ℓ)ρ γρ
from the nonperturbative vertex ∆ΓQQΦ (k, ℓ)|R
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Putting everything together, one gets in the b → 0 limit a finite fermion mass
term of the order

Z

b4 gs2 αs Λs

1/b
4

d k

Z

1/b

d4 ℓ

1
γµ kµ (2k + ℓ)ρ γρ γν (k + ℓ)ν
γ
(k + ℓ)λ
λ
k2
k2
ℓ2 + m2σ
(k + ℓ)2

∼ gs2 αs Λs
The overall b4 multiplicative factor is compensated by the quartic divergence of
the two-loop integrals
The diagrams in the figure represent a subset of all the lowest order terms
contributing to the fermion self-energy – they are the ones where only one σ
propagator appears
To the same lowest order in gs2 there are infinitely many other contributions
coming from diagrams that take into account the self-interaction of the Φ field
and include in general scalar (σ and π) loops
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The noperturbative mass
What form will have a nonperturbative mass term of such kind?
To be able to interpret the finite term as a quark mass the following must
happen:
No extra quark mass of order v = hΦi is left over as a consequence of
the Higgs mechanism – a term of this kind would completely obscure
our nonperturbative contribution in case v ≫ Λs , or make it of little
interest for predicting the value of the quark mass in case v ∼ Λs
The nonperturbative mass term must be χL ⊗ χR invariant, and have
the correct symmetry properties so that it can appear in the effective
Lagrangian in the Nambu-Goldstone phase

The nonperturbative mass term is renormalization scale independent
and its chiral variation can be accommodated in the right hand side of
eL ⊗ χ
eR Ward identities
the restored χ

As for the first point, in the Nambu-Goldstone phase the equation determining
ηcr becomes just a condition for the cancellation of the v(QR QL + QL QR )
quark mass term
The other points go as follows:
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The exact χL ⊗ χR invariance forbids a mass term of the kind QR QL + QL QR
in the effective Lagrangian
So, how can we get a mass in this model?
We need to introduce the field

Φ
U= √
Φ† Φ

This is a dimensionless non-analytic function of Φ (its phase), with the same
transformation properties under χL ⊗ χR
It cannot be defined in the Wigner phase: we can have it only if hΦi =
6 0
~
One can always write U = sign (v + σ) exp (i~τ ζ/v),
with
ζ~ = ~π [1 + O(σ/v, ~τ ~π /v)]
We have the expansion
~τ ϕ
~
σ2 π2
= 11 + i
U= √
= p
+ O( 2 , 2 )
†
2
v
v v
Φ Φ
(v + σ) + ϕ
~ ·ϕ
~
Φ

(v + σ + i~τ · ϕ
~)
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Now we have all the ingredients to build a nonperturbative mass term which is
also χL ⊗ χR invariant in the effective action density:
W ig
G
ΓN
loc = L4

<0
µ̂2
Φ

+ C2 Λ2s tr [∂µ U † ∂µ U ] + C1 Λs [QL U QR + QR U † QL ]

We see that there is also a kinetic term for the non-linear field U , which cannot
be excluded on the basis of symmetry considerations
The appearance of the non-analytic field U is not surprising
In QCD nonperturbative effects like the nonvanishing of the chiral condensate
are proportional to the sign of mq – the sign of the coefficient of the chiral
breaking term in the action
In lattice QCD at m0 = mcr , the seed for spontaneous chiral symmetry
breaking is instead provided by the (critical) Wilson term – and so such
nonperturbative effects are proportional to the sign of the Wilson coefficient r
We can see the toy model as an action where the Wilson coefficient has been
elevated to a dynamical field, Φ
Indeed, the dynamically generated nonperturbative quark mass turns out to be
proportional to U , the phase of Φ
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The emergence of a nonperturbative mass term in the χ
eL ⊗ χ
eR Ward identities
is a consequence of the quadratically divergent mixing of the dimension-six
operators O6L i and O6R i with the nonperturbatively generated operators
C1 Λs





τi
QL U QR − h.c. ,
2

C1 Λs



τi †
QR U QL − h.c.
2



This is precisely the possible nonperturbative mixing which was alluded to
by the ellipses . . . before
Indeed, owing to χL ⊗ χR and other obvious symmetries, at η = ηcr the
renormalized Ward identities associated to the χ
eL ⊗ χ
eR transformations are
conjectured to take the form
∂µ hZJeJeµL i (x) Ô(0)i

cr

e iL Ô(0)i
= h∆

δ(x)
cr

τi
+C1 Λs h(QL U QR − h.c.) Ô(0)i
2

∂µ hZJeJeµR i (x) Ô(0)i

cr

e iR Ô(0)i
= h∆

+ O(b2 )
cr

δ(x)
cr

τi †
+C1 Λs h(QR U QL − h.c.) Ô(0)i
2

+ O(b2 )
cr
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This shows that in the critical theory, consistently with the form of the effective
G
Lagrangian, ΓN
loc , in the right hand side of these Ward identities a quark mass
term occurs that is proportional to Λs , and not to the scalar field vev, v = hΦi
To leading order in the gauge coupling we get
mdyn
Q

= C1
LO

LO

Λs = kLO gs2 αs Λs

No unnatural fine tuning
For Wilson fermions instead this fine tuning procedure is not natural nor well
defined

e-currents ZJeJeµL i and ZJeJeµR i are ultraviolet-finite (they are
Since the χ

conserved up to O(b2 ) in the Wigner phase), to interpret the coefficient C1 Λs
as a mass this quantity must be renormalized by the inverse of the
i

renormalization constant of the operators QL τ2 U QR
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Final comments
There are two important scales here: Λs and hΦi
Natural choice: Λs ≪ hΦi ≪ b−1
If instead Λs ∼ hΦi, we would be back to the situation where fermion masses
are of the order of hΦi, like in the Standard Model
The physics of the critical model at energies below hΦi is independent of hΦi,
because the σ particle which has a square mass m2σ ∼ λ̂hΦi2 decouples
The condition hΦi ≪ b−1 is needed to guarantee the independence of ηcr on
the value of µ̂2Φ (and its sign) – so the step of χ
eL × χ
eR symmetry restoration,
essential to solve the naturalness problem, is unambiguous
Nonperturbative fermion mass ∼ Λs : natural and independent of hΦi if
Λs ≪ hΦi
The dynamically generated fermion mass are much smaller than hΦi because
eL × χ
eR transformations
at the critical Yukawa coupling ηcr the fermion chiral χ
become a symmetry of the theory
The cancellation of the large quark mass term of order hΦi is guaranteed by
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the tuning of η

This nonperturbative mass generation mechanism fulfills ’t Hooft naturalness
requirement: tuning η to ηcr enlarges (even in the Nambu-Goldstone phase)
the symmetries of the theory
Indeed χ
eL ⊗ χ
eR , which acts only on fermions, is promoted to a symmetry
There are two sets of Goldstone bosons here, related to the two kinds of
spontaneous chiral symmetry breaking occurring in this model:

the spontaneous breaking of the exact χL ⊗ χR symmetry induced by
hΦi =
6 0
(. . . and when χL is gauged to generate the electroweak interactions,
these Goldstone bosons will become the longitudinal modes of the
electroweak gauge bosons)
(Electroweak extension: add Wµ , which transforms as
Wµ −→ ΩL Wµ Ω†L )
the dynamical breaking of the χ
eL ⊗ χ
eR symmetry that is restored at ηcr

at variance with lattice QCD, the dynamically generated fermion mass is
here of O(Λs ), and then the squared mass of the pseudoscalar mesons
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are of O(Λ2s ), and so comparable to that of other hadrons

Numerical studies on the lattice
We want to verify numerically if such nonperturbative mass terms are indeed
present in the toy model
For this purpose a specific lattice ultraviolet regularization of the model must
be adopted
Lattice simulations of this toy model are technically quite challenging: it
contains fermions, gauge fields and scalars, all together
The first numerical study of models of this kind in the strong interaction regime
The mechanism for mass generation works also in the quenched
approximation
Indeed, the diagrams that we have discussed before are still present in the
quenched approximation
This is quite convenient because then scalar and gauge field configurations
can be generated independently from each other:
Z=

Z

DΦDU DΨDΨ eS[U ]+S[φ] det (Dlatt [U, φ])

and then if det (Dlatt [U, φ]) = 1 one has Z = Z[Φ]Z[U ]
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The Wilson-like term is of dimension six and naively of order b2 , and this term
cannot remove the doublers, and they do not decouple
Naive fermions, cheap and chirally invariant
2 flavors (u, d) times 16 doublers, even in the b → 0 limit
This is fine for quenched studies, but staggered or overlap or doman-wall
fermions will be needed in unquenched simulations
Quenched → exceptional configurations with spinors zero modes, which at
large |η| and |ρ| are enhanced by the fluctuations of Φ → add a twisted mass
P
term iµQ b4 x ψ(x)γ5 τ 3 ψ(x), and at the end extrapolate to µQ = 0

A theoretically clean IR cutoff, with a harmless soft breaking of χL ⊗ χR (and
of χ
eL ⊗ χ
eR when restored)

In order to improve the signal, in ψDlat ψ we use a locally smeared Φ to reduce
the noise: Dlat [U, Φsmeared ]
The scalar field is replaced with its average over the Φ values at the sites
corresponding to the 16 vertices of the hypercube of side 2b centered in x
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Lattice regularization of the toy model:

n
X
4

Slat = b

x

M
[U ] :
LYkin

Lsca
kin (Φ)

M
[U ] + Lsca
LYkin
kin (Φ) + V(Φ)+ΨDlat [U, Φ]Ψ

o

SU(3) plaquette action

1
µ20  †  λ0  † 2
†
∗
+ V(Φ) = tr[Φ (−∂µ ∂µ )Φ] +
tr Φ Φ +
tr Φ Φ
2
2
4

where Φ = ϕ0 11 + iϕj τ j , and the Dirac operator is
(Dlat [U, Φ]Ψ)(x)

h

=

2
b
e µ Ψ(x) + ηF (x)Ψ(x) − ρ F (x)∇
e µ Ψ(x)
e µ∇
γµ ∇
2

b2
e µ Ψ(x − µ̂)
e µ Ψ(x + µ̂) + (∂µ∗ F )(x)Uµ† (x − µ̂)∇
− ρ (∂µ F )(x)Uµ (x)∇
4

i

with F (x) ≡ [ϕ0 11 + iγ5 τ j ϕj ](x)

The lattice derivatives are
1
1
∇µ f (x) ≡ (Uµ (x)f (x + µ̂) − f (x)), ∇∗µ f (x) ≡ (f (x) − Uµ† (x − µ̂)f (x − µ̂))
b
b
e µ f (x) ≡ 1 (∇µ + ∇∗µ )F (x)
∇
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2

With naive fermions one has to use symmetric derivatives in the action
Then the action is invariant under the spectrum doubling symmetry
′

† ix·πH
Ψ(x) → Ψ′ (x) = e−ix·πH MH Ψ(x)
Ψ(x) → Ψ (x) = Ψ(x)MH
e
which in momentum space exchanges the corners of the Brillouin zone

(H is an ordered set of four-vector indices {µ1 , ..., µh }, (µ1 < µ2 < ... < µh );
for 0 ≤ h ≤ 4 there are 16 four-vectors πH with πH,µ = π if µ ∈ H, otherwise
πH,µ = 0 and 16 matrices MH ≡ (iγ5 γµ1 )...(iγ5 γµh ))
With symmetric derivatives, at tree level the Wilson-like term contribute only
O(b2 ) effects
Beyond tree level the renormalization is like it would be in the ρ = 0 case
The spectrum doubling symmetry guarantees the equivalence between the
various doublers – and that all of them have the same ηcr
So, at this ηcr the χ
e symmetry gets simultaneously restored for all doublers

ηcr is well defined even when doublers are present, and independent from
µ2sub , and so has the same value in the Wigner and Nambu-Goldstone phases
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Our simulations:
β = 6/g02 = 5.85
b = 0.12 fm
bΛs ∼ 0.1

b2 µ2sub = b2 (µ2 − µ2cr ) = 0.074(1) > 0
λ0 ∼ 0.592
ρ = 1.96

163 × 40 sites

750 – 1400 gauge-scalar configurations
(30 gauge configurations times 24 scalar configurations, and then 60
gauge configurations times 24 scalar configurations)
Simulations are done at several values of the Yukawa coupling η and of the
twisted mass mQ
The Wilson-like coupling ρ is not important if we are interested only to verify
the mechanism – but is relevant for the value of the nonperturbative mass
Dlat is not γ5 -hermitian, because Φ is not constant – one needs then to invert
†
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Dlat and Dlat
to get forward and backward quark propagators

To determine ηcr , compute, in the Wigner phase,

e S3 (y)i
e0V 3 (x)D
CJeD
(x
−
y)
≡
h
J
e

where
Je0V 3 (x)

=

(x)

=

e S3 (y)
D

=

L/R 3

Je0

Je0L3 (x) + Je0R3 (x)
h
τ3
1
QL/R (x − 0̂)γ0 U0 (x − 0̂)QL/R (x)
2
2
i
τ3 †
+QL/R (x)γ0 U0 (x − 0̂)QL/R (x − 0̂)
2
i
h
i
h
τ3
τ3 †
QL (y) Φ,
QR (y) − QR (y)
, Φ QL (y)
2
2

2
We have h0|∂0 Je0V 3 |MS i ≃ fMS MM
S

When, varying η, this matrix element becomes zero at some particular ηcr ,

e S3 + O(b2 )
e symmetry is restored: ∂µ JeµV 3 = (η − ηcr )D
then the χ
⇒ (preliminary)

ηcr = −1.220(14)
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Example at amQ = 0.0224:

1.5e-04
η
η
η
η
η

hJ˜0V 3(x)D̃S3(y)i

1.0e-04
5.0e-05

= −1.098
= −1.137
= −1.177
= −1.236
= −1.255

0.0e+00
-5.0e-05
-1.0e-04
-1.5e-04

10

15

20

25

30

35

t/b
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After having extrapolated to mQ = 0 the results at each value of η, one looks

e S3 (y)i vanishes:
for the value ηcr at which the matrix element hJe0V 3 (x)D

ηcr = −1.220(14)
0e+00

ME

-1e-04
-2e-04
-3e-04
-4e-04
-5e-04
-1.3

-1.2

-1.1

-1.0

η
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Now go to the Nambu-Goldstone phase: b2 µ2sub = −0.045(1) < 0
All the other lattice parameters are kept the same as in the Wigner phase
For a generic values of η in this phase there are two kind of operators which
break the χ
e symmetry:
ΓN G = · · · + (η − ηcr )(QL ΦQR − h.c.) + c1 ΛS (QL U ΦQR − h.c.)

Determine MP S (from hP P i correlation functions, for example), and
±

mW T I

h0|∂0 Je0A |MP S± i
≡
= (η − ηcr )v + C1 Λs
h0|P ± |MP S± i

which at ηcr gives a measure of the nonperturbative χ
e breaking

Neither MP S nor mW T I vanish at ηcr
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The χ
e breaking effects are miminal at a special value
1
η ∗ = ηcr − c1 ΛS
v
We find strong indications that indeed η ∗ 6= ηcr
This means c1 6= 0: we have observed mass generation!
(at the moment, only at this value of β)

Zeuthen – p.53

η ∗ minimizes the pion mass, but still this mass does not vanish
loop effects coming from the effective action, or lattice artefacts
Preliminary results at η = ηcr for β = 5.85: MP S ∼ 400 M eV and
TI
mW
bare ∼ 16 M eV
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A hierarchy of masses: superstrong interactions
Extend the toy model by introducing in a gauge invariant way superstrongly
interacting particles with a RGI scale ΛT ≫ ΛQCD
Besides ordinary quarks, an extra family of fermions subjected to ordinary
Yang-Mills forces with gauge coupling gs as well as superstrong vector gauge
interactions with gauge coupling gT
Under the exact χL × χR symmetries scalars, quarks and superstrongly
interacting fermions are simultaneously transformed
Then an interesting ordering of fermion masses emerges
Both quarks and superstrongly interacting fermions get a mass of the order of
ΛT , multiplied by powers of the strong (gs ) and superstrong (gT ) gauge
coupling respectively
The difference in the strength of the two interactions is then reflected in the fact
that the top quark mass is a fraction of the large scale ΛT
From the experimental values of the masses, ΛT must be of about a few TeV
Also the weak bosons acquire a mass proportional to ΛT
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Weak gauge bosons and charged leptons masses are scaled by powers of the
electroweak gauge coupling constants
There are now separate transformations: χ̃qL × χ̃qR acting only on quarks, and
χ̃TL × χ̃TR acting only on superstrongly interacting fermions
These transformations are promoted to symmetries of the action at the critical
q
T
values ηcr
(quarks) and ηcr
(superstrongly interacting fermions)
In the Nambu-Goldstone phase we expect dynamical spontaneous breaking of
both χ̃qL × χ̃qR (driven by strong forces) and χ̃TL × χ̃TR (driven by superstrong
forces)
Similarly to what happens in the toy model, superstrongly interacting fermions
acquire then a nonperturbatively generated mass of the order gT2 αT ΛT
For ordinary quarks, what now happens is that there are diagrams where
superstrongly interacting fermions contribute to the nonperturbative correction
of the gluon-gluon-scalar vertex, and they generate nonperturbative mass
terms of order gs2 αs ΛT
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L

σ/π

L

b 2 ΛT

b 2 V6

R

Since ΛT ≫ ΛQCD , these self-energy contributions are much larger than the
ones discussed in the toy model, and completely dominate the effective value
of the quark mass
At this order in gs2 the quark-quark-scalar vertex receives no analogous
correction
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Typical nonperturbative superstrong self-energy diagrams:

L

σ/π

L

b 2 ΛT

σ/π

σ/π
b2V6T

R

L

L

b 2 ΛT

L

b2V6T

R

L

b 2 ΛT

L

b2V6T

b2 V6T is the insertion of the superstrong Wilson-like vertex
Double lines stand for superstrong fermions and gluons
These diagrams give a nonperturbative mass to the superstrongly interacting
fermions
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R

So, the leading contributions to the masses of the quark and of the
superstrongly interacting fermions are both proportional to ΛT
But multiplied by the fourth power of the coupling constant of the strongest of
the vector gauge interactions the particle is subjected to
With similar considerations as in the toy model, one obtains the estimates
(q)

= kLO gs2 αs ΛT ,
mdyn
q
(T )

mdyn
= kLO gT2 αT ΛT ,
T

(q)

kLO = O(1)
(T )

kLO = O(1)

Since their masses are scaled down by (gs /gT )4 , quarks acquire an effective
mass substantially smaller than the one of superstrongly interacting fermions
Must go beyond these leading order formulae, by using at least leading-log
improved perturbative expressions, and decide at what scale the effective
fermion masses should be evaluated
By using running effective masses, one can roughly estimate the ratio
dyn
mdyn
of superstrongly interacting fermions to quark masses at a
T /mq
convenient scale µT , where αT (µT ) ∼ 1/2

Zeuthen – p.59

One chooses the scale µT rather than ΛT itself (with αT (ΛT ) = O(1)) in order
to have better control over higher-order perturbative corrections
In the M S scheme we can expect µT to be only 2–3 times larger than ΛT
As αT (µT ) ≫ αs (µT ) we get for the mass ratio
mdyn
T (µT )

(T )



kLO α2T (µT )
≃ (q) 2
1 + O(αT (µT ))
dyn
(µ
)
α
mq (µT )
kLO s T



If the pattern of χ̃ breaking is similar for superstrongly interacting fermions and
(T )
(q)
(the third generation of) quarks (which implies kLO /kLO ≃ 1) one gets
mdyn
T (µT )
(µT )
mdyn
q

≃ 25 × (1 ± 0.5)

If q is the top quark, we get mdyn
T (µT ) ≃ 4 × (1 ± 0.5) TeV
The top mass at 170 GeV implies that there is a superstrong interaction at the
scale of a few TeV
For tighter preditions, one would need lattice simulations
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Outlook
We have presented and explained a nonperturbative mechanism for the
generation of fermionic mass
A toy model should be able to confirm or disprove this mechanism
explicitly
Numerical studies of this model are underway
The numerical results at the first lattice spacing that we have explored
give support for the existence of this mass generation mechanism
Need to confirm this finding at different lattice spacings – does the mass
term survive the continuum limit?
New simulations at other lattice spacings are currently in progress
Extensions to include electroweak interactions
Extension with superstrong forces: natural hierarchy of masses
An alternative to the Standard Model?
Incidentally, if to the particles of the Standard Model, minimal strongly
interacting fermions are added to complete the model, unification of
gauge couplings is automatically achieved (without invoking SUSY)
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