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OVERVIEW

Motivation
Understanding topology on a finite volume

2/34




MorivatioN THE GRADIENT FLOW APPLICATIONS IMPROVEMENT OF THE GRADIENT FLOW

@0000

00000000 0000000 0000000

TOPOLOGY IN INFINITE VOLUME

4 SU(N) Yang-Mils theory: Field configurations with finite action }—\

1
S=— @ /d4xtr (ExvEny)

Q :# /d4xtr (FWI:";“,)

with ~
Fuy = 0pAy — OvAu + [Ap, Av] and Fpuy = €pupoFpo

Since >
tr (FWFW) = 9,K, = 20,0 potr <AyapAg T 3A,,A,JA(,)

Topological charge is the integral of a total divergence

Q= /S . dou K, = 0(?7)

ConcLusioNs
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TOPOLOGY IN INFINITE VOLUME

\.

4 Chern-Simons does not vanish at infinity! }

ConcLusioNs

In spherical coordinates x = (r, 6, ¢, ¢), at r = oo the action density must be zero
Fuv(®)lr=oo =0 => Au(¥)|r=00 = AuAT

But Chern-Simons is not gauge invariant A, — AA MAT + AauAJr
2 - _
Ku[Au] — KulAu] + gauVPOAVAPAO +2eu0p0Optr(AvAs)

with A, = A9, AT,

1

Q= 1672

2 o
/S . 40 epocAvApAs £0.

Topological charge is determined by the pure gauge field at infinity — A(x)|;=co
A:SE, —suER) ~s?

A(X)|r=co characterized by an integer (i.e. Q).
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TOPOLOGY IN FINITE VOLUME

,{ What about gauge fields in T*? } N\

> A, (x) does not need to be a pure gauge anywhere!
» If the gauge field is periodic Q = 0!

1
Q:—/ dou ALK
1672 v, pplp

with A,f(x) = £(x + Ljt) — £(x)

1 Ml | ” | . M\W’ \N Nt ““"
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TOPOLOGY IN FINITE VOLUME

4 Only Gauge invariant quantities need to be periodic }

A+ L9) = 0 ()4, ()L () + 2 (1)0, 0L () = AL P ().
Consistency requires

Au(x + Lo+ Lp) ALQp(x+Lﬁ)Qp(x)](x) _ ALQP(X+Lﬁ)QU(X)](x)

Qo(x + L) (x) = &™er/NQ, (x + Lp)Q,(x)

> Q,(x) are twist matrices. They change under gauge transformation.

> 11, is the twist tensor. Invariant under gauge transformations. Encodes physics
of the twist.

\.

\

A Abelian twist matrices |

) = oplw@)  wx) = W

with (T = diag(1,1,...,1—=N))and tr(Qu.) = —nuw

Wuv = 1l + NQuy; Wy =1 T
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TOPOLOGY IN FINITE VOLUME

\.

4 K,, is not gauge invariant, and therefore not periodic }

ConcLusioNs

1
Q=5 —cuvno /dautr {91.0.2.)9L0,9,)0L (09, }

1
— arzeuen [ dote {[8,(@1(0.0,)) +0L.0.0,)104(0.0,)]}

By using the generic for of the Abelian Twis matrices W, = 1,1+ NQ,.

with n(n) = nuyﬁuy/él € 7 [Van Baal '82].

\.

4 On the lattice U, (x) is periodic ‘

]
A, (x+ Lo) = Ap(x) + 2mq allows to have all integer topological charges!
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OVERVIEW
The Gradient flow
Main idea behind the Gradient flow
Uses of the Gradient flow
Twisted coupling
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A KEY TOOL FOR NON-PERTURBATIVE STUDIES [Naravanan, NEUBERGER “06; LisCHER “10]

A Main idea N

» Add extra (flow) time coordinate {(# xo) with [f] = length? . Define gauge field

B#(t’ x)
dB (x t) _ . 5SYM [B]
7 = D,Guu(x,t); (N _W)
Guu(x,t) = OuBu(x,t) — 8uBu(x,t) + [Bu(x,t),Bu(x,t)],

with initial condition B, (£, x)|;=0 = Ap(x)

» Composite gauge invariant operators are renormalized observables defined at
ascale 1 = 1/+/8t [M. Liischer 10; M. Liischer, P. Weisz ‘11].

» Example

(E(H) = —3Tr{Gun (5, )G (3, )

finite quantity for t > 0.

» Continuum limit to be taken at fixed ¢.
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SCALE SETTING [M. LiscHER "10; BORSANYI ET. AL. “12; R. SOMMER LATT. "14]

V8r=02fm V8r=0.5 fm 2
i M— » t(E(t)) is dimensionless.
HE) 1 » Depends on scale p = 1/v/8¢
0.5— —
F 1 > Ideal candidate for scale setting: ty [M.
04— - Liischer JHEP 1008 "10].
0_37 1 » Similar quantities: t1,wp, . ...
[ 1 » Dimensionless ratios of “flow
o ] quantities” (i.e. /fo/wy) are easily
o1l J computable quantities with
* fo ] continuum limit.
00 ‘ 0.82 ‘ 0.2)4 ‘ O.‘Oé ‘ 0.‘08 ‘ 0‘.1 ‘ 0.‘12 ‘ OA‘M ‘ 0.‘16 ‘ O.‘IS ‘ 0.2
/1y
,{ Cheap quantities with continuum limit } N

With the definition £(t) = 2(E(t))

fo E(ty) =0.3
d
wy ZU(Z]ES(t) — = 0.3
=%

we have
Vi ~0.15fm  wy ~ 0.18fm s
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RENORMALIZED COUPLINGS [M. Lis'scHER “10; Z. FODOR ET AL. “12; P. FritzscH, A.R. "13; M. LUscHEr “14; A.R. "14]

4 Non-perturbative coupling definition } N\

Perturbative computation

PAE() = -y es(i) [1+ 1gles() + Oleheg)]

inmediately suggests

1672
2 2
= —t°(E(t
sBrlw) = S-2ED)| o
» On the lattice, infinite volume a < v/8t < L.
r{ Finite volume renormalization schemes } \
2 —=1,2
= t-(E
$or(w) =NTHEED)| _ o

» To avoid the need of a window a < /8t < L, use ju = 1/cL.

2
» Boundary conditions become relevant, and MT” — N
» Periodic, SF, Twisted, SF-open.

v
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WHY 1s A Goop cHOICE? Ny = 2 AND SU(3) SIMULATIONS

THE GRADIENT FLOW

APPLICATIONS
0000000

IMPROVEMENT OF THE GRADIENT FLOW

0000000

L/a 6 8 10 12 16
B 5.2638 5.4689 5.6190 5.7580 5.9631
Ksea 0.135985 0.136700 0.136785 0.136623 0.136422
Nmeas 12160 8320 8192 8280 8460
r(ly) 4.423(75) 4.473(83) 4.49(10) 4.501(91) 4.40(10)
Tap(p) (c=0.3)  4.8178(46)  4.7278(46)  4.6269(47)  4.5176(47)  4.4410(53)
Sep(p) (c=0.4)  6.0090(86)  5.6985(86)  5.5976(97)  5.4837(97)  5.410(12)
Ser(p) (c=0.5)  7.106(14) 6.817(15) 6.761(19) 6.658(19) 6.602(24)
] R
. 3 E
c=05 -] ® ]
s $4 s * ]
Flg gt ] * E
6.5 }%’ % e ‘ ‘ 3
F c—o0a ] 0.4 0.45 0.5
C | c
E ; 5 e E E
55y &% 3 E
Zigae o ] é
5F e E
E ) L E E
F I ] E E
E B ] E E
a5 . 5% E E E
P Fee® ] 0F E
00005 001 0015 002 0025 00005 001 0015 002 0025
(a/L)? (a/L)?
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BoOUNDARY CONDITIONS

4 With periodic b.c., dynamics is dominated by fluctuations constant in space }—~

» Leading order contribution of zero momentum modes is not quadratic [A.
Gonzalez-Arroyo et al. 1983]

§ ~ [4u(0), Av ().
With periodic b.c. these are not gauge degrees of freedom.
> One has to solve these integrals to define a “propagator”

(A,uAu> ~ /'DA AHAVE—AuMAu—[A;L(O)M—qu(o)]z

» Convergence properties of these integrals depend on d and SU(N).

» Difficult (but this running scheme has been proposed [Z. Fodor et al. 2012.
arXiv:1208.1051]).

» Coupling definition apr non analytic in ays.
. 7

4 Moral: periodic b.c. in small volume leads to } \

» Non analytic coupling:

> SUN)andN >2: oo = ams(l + Joms + .- .)
> SU(2) : OziOLMs(l—‘rlogOzMs...)
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BoOUNDARY CONDITIONS

[ Make constant gauge field configurations incompatible with boundary conditions. ]

4 Twisted boundary conditions }—\

4 Schrodinger Functional

on(]

» SF: L3 x T box. Dirichlet b.c. in time

T }—\

» Gauge field periodic modulo g.t.
Ai(x,xg=0) = (
%0 =0) 9 Aur+10) = Q@A)
Aixx=T) = GC(x)
+ Q0,95 ().
» If C;, C} chosen wisely = Unique ) )
gauge configuration with minimum > If Q2 chosen wisely = Unique gauge
action. configuration with minimum action.

\ J \. J
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BOUNDARY CONDITIONS

[ Arbitrary matter content = Same coupling definition. ]

4 Schrodinger Functional

v

»

>

>

]

T }_~

Manifold with boundary: Boundary
Counterterms O(a)

Chiral symmetry breaking
Py =1(1£7)

Pily=0 = p+; P—tlxy=T = p—

Naively larger discretization effects!

Work hard for O(a) improvement

4 Twisted boundary conditions

» Fermions in fundamental rep.
Y(x + L) = Quip(x)
And therefore

Y +L14+12) =
Y+ L24+11) =

Q2 (x)
QP (x)

» Only way out: SU(N) with Ny and

(PT + numerics): csw, ct, ¢;-

Nf/N € 7 [Parisi '83].

15/34
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COUPLING WITH TWISTED BC.

Task in life

ConcLusioNs

Compute in perturbation theory

PAE®) = § G (DG () = N(t)ag + O(ad)

1. Compute B, (x, ) to leading order.
2. Compute The observable.

16/34
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COUPLING WITH TWISTED BC.

Au(@+L9) = @ ()AL () (%) + 2 (1) (x) = ALY P ().

,{ Our particular setup (similar to “TPL” scheme) } \

» Use constant twist matrices ©,,(x) = Q.
Ap(x +Lo) = QuA,(x)QF

and A, (x) = 0 compatible with bc.
» We choose to twist only the plane x; — x; and n1, = 1.

Lalx) =1 U =2""NO0

16/34
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COUPLING WITH TWISTED BC.

e A

Au(x +LE) = QAL (00,

Define N? matrices (5; = 2""’ with; = 0, . —1).
I(p) = ee® o™ ﬂz

They are traceless (except p = 0), linearly independent and
UL (PR =T ().

Therefore any gauge connection compatible with bc. can be expanded
Al (0)T ZA x, )P T (p).

with A, (x, p) (numbers) periodic in x!. p,, = ZWLH" (n, €2).

A ()T e ZAM(p PP (5 e ZA Ye'PXT(P) .

“Total” momentum: P; = p; 4 p;, P3 4 = p3 4. Color dof <> momentum dof (Large N,
reduction, ...). Only constant connection: A, (x) = 0! 1q/34
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COUPLING WITH TWISTED BC.

e A

Bu(x,t)
Guv

DUGUM(X’ t) 5 BH(X,O) = AM(X) 5
0,B, — 0uByu + [By, By

B, (x,t) has an asymptotic expansion in gy
£) =2 Bun(x,t)85
n
After gauge fixing and to leading order

Bu,l(xv t) = BIZJB/J,,l(xv t) (B[/.,l(xv 0) :Au(x))
with solution

_p? 2.
Bua(x,t) = L4 > e AL (P)e T (P).
p,p#0

And finally (E(t)) = }(Gyu ()G (1)) = £(t) + O(s)

5d—1) _p2
£(t) = 80 o Z Pt
p,p#0
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OVERVIEW

Applications
SU(2) Pure gauge theory
SU(3) with Ny = 12 flavors
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B=ua ()= L=upu

2 al= constant

L = constant = L, 1

/2

L = constant = L,

L = constant = L,,/4

Step scaling function

“u,a) = g*(L/2
o wa) =g (L2, 0,

Continuum limit

o (u) = lim o~ (u,a)
a—0

Simulate several pair of
lattices
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» Simulations for L/a = 10, 12, 15, 18,20, 24, 30, 36 at 8 € [2.75,12].

> Modest statistics: 2048 independent measurements of g%GF.

> Between 0.15-0.25% precision in g% for all L/a.

» Pade fit (constrain to PT), 4 parameters, x?/ndof = 5.9/7.

» Example: L/a = 36

B gf"cp (L) 8 —

120 0.41078(64) .

100  0.51809(83) 7t 61

80  0.6987(11) ol ]

70  0.8497(13) & sl |
60  1.0819(18) ol 57l |
5.0 1.4968(25) ) 56 E
4.0 2.4465(44) 4l 5.5 1
375  2.9277(54) : 541 1
35  3.6494(69) af . ol Y]
325 4.8568(99) . 31 312 314 316 318 32
30  7.587(20) 2y .

29 10'610(32) 1 1" Polynomial mems ° .

28 16.752(47) Pade . . .
2.75  22.168(59) 0 Data —— ‘ ‘ ‘ ‘ ‘ ‘

3 4

5 6 7 8 9 10

1 12
19/34
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ConcLusioNs

v

v

v

v

v

Example: L/a = 36

Between 0.15-0.25% precision in g% for all L /a.
Pade fit (constrain to PT), 4 parameters, x?/ndof = 5.9/7.

Simulations for L/a = 10,12, 15, 18,20, 24, 30, 36 at 8 € [2.75,12].

Modest statistics: 2048 independent measurements of g%GF.

B 87cr(L)

120 0.41078(64)
100 0.51809(83)
80  0.6987(11)
70  0.8497(13)
60  1.0819(18)
50  1.4968(25)
40  2.4465(44)
375  2.9277(54)
35 3.6494(69)
325  4.8568(99)
30  7.587(20)

29 10.610(32)
28 16.752(47)
275  22.168(59)

Polynomial
Pade
Data —e—

2 3 4
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STEP SCALING FUNCTION

» Modest cutoff effects. Starting recursion with 1 = 7.5.

4.85

4.84

4.83

4.82

481

c'l(u,2)

4.8
4.79
4.78

[ =]
Fit ——

476 : : :

4.77

0 0.002 0.004 0.006 0.008
@/L)?

0.01

ConcLusioNs
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STEP SCALING FUNCTION

» Modest cutoff effects. Starting recursion with u = 7.5.

Tual)

Tual)

Tual)
o

| e e
e

0 0002 0004 0006 0.008 001 0 0002 0004 0006 0.008 0.01 0 0002 0004 0006 0.008 001
@? @? (@u?
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g%GP (L) rFor PURE GAaUGE SU (2)

10

g —e—i

orer(L)

0 s s ‘ ‘ ‘

0 5 10 15 20 o5 20
log,(L/Lmin)
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CONFORMAL BEHAVIOR OF GAUGE THEORIES WITH LARGE Nf

Looking for conformal behavior (in collaboration with [C.J. David Lin, K. Ogawa, A.R. 15.])

» For small N, s QCD like theory:
Confinement, Agcp

» If Nf > 1 No more asymptotic
freedom.

» In between maybe conformal
behavior: No typical scale for your
theory at large distances, no mass
&ap-

=

~

> A value of the coupling
8x(L) = §%(2L)

» This property true for every
observable analytically related with
the one that defines your scheme
(e.g. scheme independent
statement).
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CONFORMAL BEHAVIOR OF GAUGE THEORIES WITH LARGE Nf

Looking for conformal behavior (in collaboration with [C.J. David Lin, K. Ogawa, A.R. 15.])

gL)/g L)

Change of the renormalised coupling in 12—flavour SU(3) theory

1.06:
1.04:
1.02:
100/

0.98]

/_’.—._..§.

~.

3—loop MS

2 4 6 8
gL)

ConcLusioNs
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SU(3) with Ny = 12 FLAVORS

Reuse data generated for the TPL coupling }

» Work [C.J. David Lin, K. Ogawa, H. Ohki, E. Shintani.; JHEP 1208 (2012) 096]:
» Already ©0(200.000 — 1000.000) configurations for TPL coupling.
» Choose O(1000) of them and win an order of magnitude in statistics.

» A worst case example L/a = 16, 3 = 4.38.

8.5 T T T T

8 MC history —— |
7.5 R
7 .
6.5 ‘ N
6 s
55 i |
2 I
4.5
4
3.5 4
3 1 1 1 1
0 500 1000 1500 2000

23/34
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SU(3) with Ny = 12 FLAVORS

Reuse data generated for the TPL coupling }

» Work [C.J. David Lin, K. Ogawa, H. Ohki, E. Shintani.; JHEP 1208 (2012) 096]:
» Already ©0(200.000 — 1000.000) configurations for TPL coupling.

» Choose O(1000) of them and win an order of magnitude in statistics.

» A worst case example L/a = 16, 3 = 4.38.

! ! ! ! ! p——i
08
06
o 04}
021
T
of B P eyt gty g g
0'20 1‘0 éo 3‘0 ;0 ;0
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SU(3) with Ny = 12 FLAVORS

[ L/a=6,8,10,12 —s 12,16,20, 24 ]
o plaquette discretisation ]
€4; I;13L/a-=24'a]\’param:9 ]
o o ALfa=12, Ny = 10 ]

24/34
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SU(3) with Ny = 12 FLAVORS

[ L/a = 6,8,10,12 —» 12, 16,20, 24 ]

Open symbol: plaquette; Filled symbol: clover
04081 c; =0.375 ]

24/34
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SU(3) with Ny = 12 FLAVORS

[ L/a = 6,8,10,12 —» 12, 16,20, 24 ]

Open symbol: plaquette; Filled symbol: clover

2.80F ‘ 3
cr =0.375

275} .
~ r
— i

N 2700 1
o I
% r
5] [

Yo 265 1

260l —mm e m e — -

0.000 0.005 0.010 0.015
2
(a/L)
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SU(3) with Ny = 12 FLAVORS

[ L/a=6,8,10,12 — 12,16,20,24

Open symbol: plaquette; Filled symbol: clover

c; = 0.375
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SU(3) with Ny = 12 FLAVORS

[ L/a = 6,8,10,12 —» 12, 16,20, 24 ]

Open symbol: plaquette; Filled symbol: clover
04081 cr =0.450 ]
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SU(3) with Ny = 12 FLAVORS

[ L/a = 6,8,10,12 —» 12, 16,20, 24 ]

Open symbol: plaquette; Filled symbol: clover

2.80F ‘ 3
¢ = 0.450
2.75¢ [ j
3 :

N 2700 1
o I
% r
< [

Yo 265 1

260l —mm e m e — -

0.000 0.005 0.010 0.015
2
(a/L)
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SU(3) with Ny = 12 FLAVORS

[ L/a = 6,8,10,12 —» 12, 16,20, 24 ]

Open symbol: plaquette; Filled symbol: clover

6.4F .
¢, =0.450
6.3F ]
—_ I
Q 62 ~
U ? P
E‘; [ '1 7 : T
[\l § 6.1 [ f ]
L R -
5.9F ‘ ‘ ‘ ‘ ]
0.000 0.005 0.010 0.015
(a/L)?
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SU(3) with Ny = 12 FLAVORS

[ L/a = 6,8,10,12 —» 12, 16,20, 24 ]

1,06/
~ L
—
N~ L
G 104
S |
~
S L
~IRE
N—
5 1
g 1.00
[ ¥ clover ! plaquette
098k .
1 2 3 4 5 6

g&r(L)
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[ L/a=6,8,10,12 — 12,16,20,24 ]

g&r(2L)/g5r(L)

‘lHH2HH3‘ 4 5‘”‘6”‘

g&r(L)
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OVERVIEW

Improvement of the Gradient flow
The symanzik effective action
O(a?) cutoff effects to leading order in PT
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SOLVING THE FLOW EQUATION ON THE LATTICE

The continuum equation

dBH(x,t) ZJSYM[B]
————= =DuGupu(x,t); ~
dt p(x0) 80758,
4 How do the links V,(x, t) change with the ? } \
d 651att[v}
2 2
—V t = t
a dt H(x7 ) gO§V (x t) H(xv )
» Is this the best option?
» Which lattice action S!at?
r{ The Zeuthen flow } 2
d SV
2 2
=V t) = — 1+ D D
a i u(x,t) 80( Tt u) SV, (x, 1) Viu(x,1)
This equation is the result of a computation.
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LATTICE PEOPLE HATE DISCOVERING “NEW PHYSICS”

THE GRADIENT FLOW
00000000

S = Standard model + Quantum Gravity

We simulate

S=3 0 e (L= Up(@)Up (2 + 1) --+)

Multi gluon interactions:
6,8,10,12,. .. gluon vertices.
at energy scales 1/a

\.

APPLICATIONS IMPROVEMENT OF THE GRADIENT FLOW
0000000 O®@00000

UNIVERSALITY

(Symmetries, dimensions, ...

f{ Symanzik improvement program ‘

\

)

At low energies (< Mp1)
(0) = (O) s + O(1/My)

ConcLusioNs

We obtain QCD

S=-1[Tr(FuFu)+...

At low energies (< 1/a)
<O>latL = <O>QCD + O(QQ)

Fine tune (i.e. cook) a lattice action S such that the efective theory at energy scales
much smaller than the cutoff looks as close as possible to the continuum.
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THE SYMANZIK EFFECTIVE ACTION

ConcLusioNs

4 Use pure gauge as an example }

» Any lattice action S can be described by an effective continuum action
Sett = Sym +a2S? +a*s® 4

> An action is “improved” if some of the terms are absent in the effective low
energy description (i.e. S? = 0).

> The effective action is constructed by a linear combination of all the operators
compatible with the lattice symmetries. Dimensional analysis helps in the
classification (Jvp = DuFup)

5(2) = o /d4X]Mup(x)]uup(x) + a2/d4xjuup(x)]1/up(x)+
a3/d4xfuup(x)]uup(x)

» Even if some of this terms “is not” initially in the lattice action, it will be
generated radiatively (i.e. by loops).
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THE SYMANZIK EFFECTIVE ACTION FOR THE GRADIENT FLOW

t
Lagrange multiplier
Spuk = fyds | d'a L (x,t) {9,Bs — DG4, }
/\/ Sboundary =/ d4l‘4£112 j];,I/Gjll,]/
0 4d space-time
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THE SYMANZIK EFFECTIVE ACTION FOR THE GRADIENT FLOW

4 Action composed of bulk part and boundary part } N
Sondry = 72% / P T (FunFn) + 5 / d4x 08=5 (x)
80 i
Sbulk = —2/ dt/d4xTr {Lu(x, t)[atBy,(JQ t) - D;_LG,U,V]}
0
+>° / dt / d*x O4=8(x, 1)
—Jo
1
,{ Possible boundary counterterms: (J...p = Dy Fup) } \
OF = = Tt {Juwp (0)]uwp ()} O§=° = Tr {Lyu (0, )] (1)}
05=° = Tr {Jupup (1) uwp (%)} 05=° = Tr {Lyu(0,x)L,u(0, 1)}
Og:b = Tr {Jpupp () ppp () }
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THE SYMANZIK EFFECTIVE ACTION FOR THE GRADIENT FLOW

4 Action composed of bulk part and boundary part } N
1 —
Sbndry = *? /d4x Tr(FMVPuV) + Z Q; /d4x 0?76(3()
0 i
S = <2 dt [T L (x,DOBA (6, 1) = DG}
0
+>° / dt / d*x Of=8(x, 1)
— Jo
1
A Possible bulk counterterms } \
» Remember: No loops in the bulk = No new counterterms are generated.
» Classical improvement in the bulk is equivalent to non-perturbative
improvement.
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CLASSICAL EXPANSION OF THE FLOW EQUATION

A Lattice flow action }

Spak(ci) = —2 /0 at Y Te {0 ) [0V, (6, OV (5,1) — g0nuSan (V)] }

with a general Sy,

s = 3 (1] ]-a] - ﬂ

1 1
(Rov) vy! @ 0By + 50*DudiBy + 20’ DL OBy + O(a”)

3
1
78}5«# [géslaf(v)] = § {a3DuGD/A + Ea‘lDuDl/Guﬂ
v=0

1
+ 50 [(1 +12(c; — ©2)) (ZDVDi + Di) —12(c; — &)DAD,

3
+120 ) <3D%DV —4D,D,D, + 2D,,Df,)} GW} + 0@
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CLASSICAL EXPANSION OF THE FLOW EQUATION

_ 1 1
(uzatV#) Vi' = @0Bu+ 5a*DuaB, + Za°DLoBu + O)
> 1
_83(,# [ggslat(v)] = Z{a3Ducuu + §a4DMDvGVM
v=0

ConcLusioNs

1
T [(1 +12(c1 — ) (ZDVDi T Di) —12(c; — &2)DAD,

12

3
+12c, Y (32D, — 4D,D,D, +2D,D3) | GW} + 0@

p=0

Some conclusions }

» Correct continuum flow equation
BtB o = D v G Vi

» O(a) corrections cancel.

» No value of ¢, ¢, for which the O(a?) corrections cancel!
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CLASSICAL EXPANSION OF THE FLOW EQUATION
2 —1 3 1 4 - 1 512 6
(Povi) vt = daB,+ 58D, 0B, + A’ D}0B, + O(a)
> 1
—Ox,p [géslaf(v)] = Z{ﬂ3Dvau + *”4DuDVGVu
v=0 2

ConcLusioNs

1
+ 50 [(1 +12(c; — ) (ZDVDi + Di) —12(c; — 2)DAD,,

3
+120, ) <3D%DV —4D,D,D, + 2DVD§,)} G,,u} + 0@

p=0
the Symanzik /IW flow (c; = —1/12, c; = 0), is “almost” O(a?) improved
3

1
OBy =Y {DUGW(x, £ — EaZDiDuGUH + (’)(a3)}
v=0

The Zeuthen flow }

(PaVu(x,0) Vi)

aD,,F(x) Vo (x, F(x +ap)V, (x, )T — F(x), ...

1 *
—g2 (1 + EazDuD#) O [géSLw(V)]
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TESTING THE ZEUTHEN FLOW

4 Precise predictions } N\

» If one uses the Zeuthen flow and a classically improved definition of the
observable, only O(a?) cutoff effects should come from the boundary (i.e.
action + boundary terms).

» Quantities computed with the Zeuthen flow are similar to spectral quantities:
Cutoff effects directly related to scaling properties of the action.

» If moreover one uses a tree-level improved action there should remain no
O(g3a2) cutoff effects. (Testable in PT).
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ANATOMY OF O (g%a2) CUTOFF EFFECTS [Z. Fopor ‘14; A.R., S. SINT "14]

A Three contributions to cutoff effects } \

1. Action

sir=gsm (-9 -] Llag)
0 x

2. Flow discretization
55(c!)

d
a0 =85y s (D)

Vou(x, ) ( + (’J(a"’))
3. Observable discretization (i.e. for (E(t)))
—%TrGW(x, DG (x,£) = S(c?)

Any action can be written to leading order

S@W=LA&wmmmmA@+mm
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ANATOMY OF O (g%a2) CUTOFF EFFECTS [Z. Fopor ‘14; A.R., S. SINT "14]

A Master formula } N

flow equation is solved by
B (,p) = HI(t,ps MAL (p);
with the heat kernel

H (t,pi ) = exp (KO (p; )

s
We also define the propagator
DEN(PIKL (0) = upd® (p +9).
The total contribution to the energy density
PERD) = gita(®) +O0(g)
few = 4 {Hbe e eRe)
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ANATOMY OF O (g%a2) CUTOFF EFFECTS [Z. Fopor ‘14; A.R., S. SINT "14]

Expanding to order a?
2
2E(t) = FPEL™ (1) {1 + aT [(di") — )Ty, 2+ (@) — af) o0 — 24 710 - Zdéf)Jz,z]} :

with .
[, () ()

Jij = i+ /2
p 22
j;]@ P

)

Some lessons

» The observable competes in cutoff effects with the action and the flow.

» Numerically, the flow produces 3x more cutoff effects than the action or the
observable (i.e. Jp2 = 32,0, Ja,0 = 3T4,—2)
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ANATOMY OF O (g%az) CUTOFF EFFECTS [Z. Fopor ‘14; A.R., S. SINT "14]

4 An urban legend: The clover observable has smaller cutoff effects }—

a=005fm 007 fm 0.1 fm » In [M. Liischer 10] never stated that
. — 1 “clover is better”.
& T g » This plot only shows that the
fi"’ i ‘ 1 Wilson action (pure gauge), with
oo T t —+ Wilson flow and clover
1 observable produce smaller
0921 1 cutoff effects in /8t /1
050l i » But different sources of cutoff
‘ ‘ ‘ R effects can be responsible of this
0 00l 002 003 004 behavior.
(@l » This is an accidental
cancellation.
Observable  Action Flow Total
Clover Wilson Wilson
15 -3 -9 3
Clover Liischer-Weisz ~ Symanzik
15 1 8 19
. 7
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ANATOMY OF O (g%az) CUTOFF EFFECTS [Z. Fopor ‘14; A.R., S. SINT "14]

CoNCLUSIONS

4 Is the Zeuthen flow improved? YES! }

Discretization | d; dy
Plaquette 1/2 0
Lischer-Weisz | 1/6 -1/6
Clover 3/2  -1/2
Zeuthen 0 0

™

V2

» Also checked the correlation function

boundaries).

In infinite volume there are many ways to cancel a single O(a?) effect, but in a finite
volume the numbers 7;, i become functions of the dimensionless ratio ¢ = v/8t/L

i+ o
740 = (Z5) S expt-cmn i P i) 3 expl-Cn ki ).
n n

The Zeuthen flow produces improved observables for all values of the parameter c!.

(E(t,)E(s,y))

» Other boundary conditions: SF (as long as one remains far from the SF
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CONCLUSIONS

4 Twisted boundary conditions } N\

» Essential to understand topology in finite volume

» Together with gradient flow nice FV renormalization scheme
> Absence of zero-modes in PT
> Large ¢ to reduce cutoff effects in g2p
> Shown some results for SU(2) pure gauge and SU(3) with Ny = 12.
» Nice analytic properties for perturbative studies: invariance under translations
and absence of zero modes.

» Linked to many more interesting phenomena: Large N volume reduction,
Fractional semi-classical solutions, etc...
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