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1 2 3 N

Partition function

Z (θ) = Tr exp(−βH(θ)) =

∫
Dϕ exp(−S [ϕ])

Euclidean action

S [ϕ] =

∫ β

0

dt
I

2
ϕ̇2 − iθQ[ϕ]

Topological charge

Q[ϕ] =
1

2π

∫ β

0

dt ϕ̇ ∈ Π1[S1] = Z

Schwarz inequality

S [ϕ] ≥ 2π2I

β
Q[ϕ]2
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Topological charge distribution

p(Q) =
1

2π
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Topological lattice action with angle constraint

exp(−s(ϕt , ϕt+a)) = 1 for |(ϕt+a−ϕt) mod 2π| < δ, and zero otherwise

Lattice topological charge

Q[ϕ] =
1

2π

∑
t

(ϕt+a − ϕt) mod 2π ∈ Z
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Cut-o� e�ects of topological susceptibility
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Lattice action with topological charge suppression
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Euclidean action

S [~e] =
1

2g2

∫
d2x ∂µ~e · ∂µ~e − iθQ[~e]

Topological charge

Q[~e] =
1

8π

∫
d2x εµν~e · (∂µ~e × ∂ν~e) ∈ Π2[S2] = Z

Schwarz inequality

S [~e] ≥ 4π

g2
|Q[~e]|

Exact mass gap

m =
8

e
ΛMS

P. Hasenfratz, M. Maggiore, and F. Niedermayer, Phys. Lett. B245 (1990) 522

Step-scaling function

σ(2, u0) = 2Lm(2L), u0 = Lm(L) = L/ξ(L)

M. Lüscher, P. Weisz, and U. Wol�, Nucl. Phys. B359 (1991) 221
J. Balog and A. Hegedus, J. Phys. A: Math. Gen. 37 (2004) 1881
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S
2

Standard lattice action

S [~e] =
1

g2

∑
x ,µ

~ex ·~ex+µ̂.

Lattice topological charge

Q[~e] =
1

4π

∑
txyz

Axyz ∈ Z

Area of spherical triangle

A123 = 2ϕ ∈ [−2π, 2π], X + iY = r exp(iϕ),

X = 1 +~e1 ·~e2 +~e2 ·~e3 +~e3 ·~e1, Y = ~e1 · (~e2 ×~e3)

B. Berg and M. Lüscher, Nucl. Phys. B190 (1981) 412
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Topological lattice action with an angle constraint

exp(−s(~ex ,~ey )) = 1 for ~ex ·~ey > cos δ, and zero otherwise
A. Patrascioiu and E. Seiler, Nucl. Phys. Proc. Suppl. 30 (1993) 184; J. Stat. Phys. 106 (2002) 811

M. Hasenbusch, Phys. Rev. D53 (1996) 3445

For δ < π
2
this action leads to a segmentation of con�guration

space into distinct topological sectors separated by in�nite action

barriers. This action can be simulated with the Wol� cluster

algorithm.

U. Wol�, Phys. Rev. Lett. 62 (1989) 361; Nucl. Phys. B334 (1990) 581

Topological action with topological charge suppression

S [~e] = λ
∑
txyz

|Axyz |

Lattice Schwarz inequality

S [~e] ≥ λ
∣∣∣∑
txyz

Axyz

∣∣∣ = 4πλ|Q[~e]|

For this action an e�cient Wol�-type embedding cluster algorithm

does not exist. Hence, one is limited to Metropolis-type algorithms.
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Correlation function

G (x − y) = 〈~ex ·~ey 〉, G̃ (p) =
∑
x

G (x) exp(ipx)

Second moment correlation length

ξ2(L) =

(
χ− F

4F sin2(π/L)

)1/2

, χ = G̃ (p = 0), F = G̃ (p = (2π/L, 0)
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Step-scaling approach
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Step-scaling function

Σ(2, u0, a/L) = 2Lm(2L), u0 = Lm(L) = 1.0595

Cut-o� e�ects of the step-scaling function

Σ(2, u0, a/L) = σ(2, u0) +
a2

L2

[
B log3(L/a) + C log2(L/a) + . . .

]
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J. Balog, F. Niedermayer, and P. Weisz, Phys. Lett. B676 (2009) 188; Nucl. Phys. B824(2010) 563
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Topological susceptibility

χt =
〈Q2〉
V

Expected scaling violation due to dislocations

χtξ
2 ∝ exp(−Sd ) exp

(
4π

g2

)
= exp

(
4π − c

g2

)
∝
(
ξ

a

)2−c/2π

M. Lüscher, Nucl. Phys. B200 (1982) 61
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Topological charge density

q(x) =
1

8π
εµν~e(x) · [∂µ~e(x)× ∂ν~e(x)]

Point-to-time-slice correlator

G (x2) =

∫ L
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dx1〈q(0)q(x)〉, x = (x1, x2)
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Conclusions

• Topological lattice actions are invariant against small continuous
deformations of the lattice �eld.

• Topological lattice actions are tree-level impaired. Hence they do not
have the correct classical continuum limit, one cannot treat them
perturbatively, and they may violate a Schwarz inequality.

• Despite these classical de�ciencies, topological lattice actions still have
the correct quantum continuum limit.

• In the 1-d O(2) model topological lattice actions su�er from large O(a)
cut-o� e�ects, while in the 2-d O(3) model they are in practice smaller
than for the standard action.

• The topological susceptibility of the 2-d lattice O(3) model does not
seem to su�er from dislocation lattice artifacts. Still it is logarithmically
ultraviolet divergent, just as in the continuum.

• The correlation function G (x2) of the topological charge density is in

reasonable agreement with analytic predictions, but a more detailed

investigation of cut-o� e�ects would be welcome.
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Outlook

• One may wonder whether topological lattice actions yield the correct
quantum continuum limit also in the non-asymptotically free 2-d O(2)
model. This is expected and is currently under investigation.

• The meron-cluster algorithm (an extension of the Wol� cluster
algorithm) is capable of addressing the complex action problem at
non-zero vacuum angle θ. This is currently under investigation.

• It is straightforward to de�ne topological lattice actions for Abelian and

non-Abelian gauge theories. It is conceivable that one may be able to

take algorithmic advantages from such unconventional lattice actions.

This is perhaps worth investigating.
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