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Minimally doubled fermions ( 2 flavors ):
realize the minimal doubling allowed by the Nielsen-Ninomiya theorem

Preserve an exact chiral symmetry for a degenerate doublet of quarks
chiral symmetry protects mass renormalization

Remain at the same time also strictly local
fast for simulations

A cost-effective realization of chiral symmetry at nonzero lattice
spacing

We can construct a conserved axial current, which has a simple expression

Compared with staggered fermions:
#® same kind of U(1) chiral symmetry

® 2 flavors instead of 4
= no uncontrolled extrapolation to 2 physical light flavors

#® no complicated intertwining of spin and flavor
Humboldt U. - 31.5.2010 - ¢
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|deal for Ny = 2 simulations: no rooting needed!

Much cheaper and simpler than Ginsparg-Wilson fermions
(overlap, domain-wall, fixed-point)
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ldeal for Ny = 2 simulations: no rooting needed!

Much cheaper and simpler than Ginsparg-Wilson fermions
(overlap, domain-wall, fixed-point)

Minimally doubled fermions: ‘new’ ... but also ‘old’

Revival in the last 2 years — initiated by studies on graphenes by Creutz , in
December 2007

Here we consider two realizations of minimally doubled fermions:
Borici-Creutz and Karsten-Wilczek fermions — and derive their Feynman rules

We then compute the self-energy of the quark and the renormalization of the
Dirac bilinears

Mixings of a new kind arise, as a consequence of the breaking of the
hypercubic symmetry — preferred direction in euclidean spacetime

One of the main aims of our work is the investigation of the mixing patterns
that appear in radiative corrections
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We also construct the conserved vector and axial currents

They have simple expressions which involve only nearest-neighbors sites

Apart from staggered fermions, these are then the only discretizations in which
one can give a simple expression for a conserved axial current

This conserved axial current is even ultralocal

These features could turn out to be very useful also in numerical simulations

We also compute the vacuum polarization of the gluon

Here the breaking of hypercubic symmetry does not generate any kind of
power divergences

In principle these divergences could have arisen with a 1/a” or 1/a
dependency

All this is also an example of the usefulness of perturbation theory in
helping to unfold theoretical aspects of (new) lattice formulations
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Simplest discretization of the Dirac action: naive fermions

—i ) ) Ve Sinapy,
.2
sin” a
ZM Pu

The massless propagator of naive fermionsis «

Each pole of the propagator corresponds to a massless fermion in the theory
This propagator has a pole at ap = (0,0,0,0), as expected
But: sinap, vanishes whenever any component p,, is either 0 or 7 /a

Then, there are poles also at (7, 0,0,0), (0,7,0,0), ..., (7,7, 0,0), ...,
(m,m,w,w) (at the edges of the first Brillouin zone)

One would then have to take into account all these 16 Dirac particles when
doing lattice computations

Although they are a lattice artifact, they are pair produced as soon as
Interactions are switched on
They appear in internal loops and contribute to intermediate processes

— 2% = 16 particles are propagating on our lattice
Humboldt U. - 31.5.2010 - ¢




Chiral fermions on the lattice

cscs-————
On the lattice:
It is impossible to eliminate the doublers in any fermion action without at the
same time breaking chiral symmetry or some important property of field theory

This is a special case of a very important no-go theorem, established by
Nielsen and Ninomiya many years ago
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Chiral fermions on the lattice

On the lattice:
It is impossible to eliminate the doublers in any fermion action without at the
same time breaking chiral symmetry or some important property of field theory

This is a special case of a very important no-go theorem, established by
Nielsen and Ninomiya many years ago

No-go theorem: it is impossible to construct a latftice fermion formulatfion
without fermion doubling and with an explicit continuous chiral
symmetry — unless one gives up some ofther fundamental property, like
locality, unitarity, ...

Humboldt U. - 31.5.2010 - ¢



Chiral fermions on the lattice
& "">>»

On the lattice:
It is impossible to eliminate the doublers in any fermion action without at the
same time breaking chiral symmetry or some important property of field theory

This is a special case of a very important no-go theorem, established by
Nielsen and Ninomiya many years ago

No-go theorem: it is impossible to construct a latftice fermion formulatfion
without fermion doubling and with an explicit continuous chiral
symmetry — unless one gives up some ofther fundamental property, like
locality, unitarity, ...

This statement only applies to the “standard” chiral symmetry, which acts on
the spinor fields according to the transformations

Y o= PFe sy

Y — Yte- s

One of the major theoretical advances of the last years: there are other
transformation laws that can define a lattice chiral symmetry — and which do
not necessarily imply fermion doubling

= Ginsparg-Wilson fermions
Humboldt U. - 31.5.2010 - ¢
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No-go theorem of Nielsen & Ninomiya (1981)

Any massless Dirac operator D = ~,,D,, = D(z — y) in a lattice fermionic
action cannot satisfy the following properties at the same time:

® D(z)is local (inthe sense that is bounded by Ce™ )

i.e. D couples only fields (), ¥(y) with (z — y) = O(a)
(avoids interactions over macroscopic distances)

#® its Fourier transform has the right continuum behavior for small p:
D(p) = ivupu + O(a,pQ)

~

® D(p)is invertible for any p # 0
= avoidance of additional poles

= there are no massless doublers
® 5D + D~s = 0: itis invariant under chiral transformations
(a realization of the chiral symmetry)

This is always true — there is no exception

Humboldt U. - 31.5.2010 - ¢
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These 4 conditions cannot be fulfilled at the same time by whatever lattice
formulation

Therefore, for any lattice action that one can think of, at least one of these
conditions has to fall

= either fermion doubling, or explicit chiral symmetry breaking, or ...

All this can be seen already at the level of FREE fermions (U, = 1)

So:
® Naive fermions: 16-fold degeneracy

® Wilson fermions: degeneracy completely removed, but they break
chiral symmetry

® staggered fermions: 4-fold degeneracy; entanglement of flavor and
spin

only a U(1) ® U(1) subgroup of the full SU(Ny) @ SU(Ny) chiral group
remains unbroken; the doublers are removed only partially, and taken as
different flavors (tastes)

® SLAC fermions: non-local

Humboldt U. - 31.5.2010 - ¢
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We can understand why all this happens from general arguments regarding
the free fermion propagator on the lattice, and the energy-momentum relation
In the Brillouin zone

Requirements: periodicity, continuum-like behavior around p = 0, and possibly
continuity

The general form of a massless fermion propagator on the lattice which is
compatible with continuous chiral invariance (= anticommutes with ~5) is

1
732“ VuPu(p)

_ . L
For naive fermions: P,(p) = — sinap,
a

Let us assume at first that P, (p) is a continuous function

Since there must be a zero of first order at p,, = 0, and because of periodicity
also at ap,, = 2mn,, there must be another zero somewhere else in the first
Brillouin zone

This other crossing is a doubler , and must have a derivative of opposite sign,
which means opposite chirality Humboldt U, — 31.5.2010 — ¢



Chiral fermions on the lattice

SHE!

SRR D
s N ,,"
a a S -
(25(p)) "
A
I” N\\\
N
/, \\P'LL
) T s
a a

Humboldtf U. - 31.5.2010 - p.



Chiral fermions on the lattice
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Thus: equal number of left-handed and right-handed fermions

It is unavoidable to have these extra particles in the theory

In four dimensions: 2* = 16 doublers

This argument is independent of the particular shape of the function P,(p), as
long as this is _continuous

The only possibility to avoid the second crossing: consider a discontinuous
function P, (p)

Most famous example of this: the SLAC propagator [Drell, Weinstein and
Yankielowicz, 1976], for which P, (p) = p,, throughout the whole Brillouin zone

However, this choice implies a nonlocality in the lattice action — it corresponds
to a nonlocal lattice derivative:

0, = infinite seriesin (V, + V})"

= many problems: the very existence of the continuum limit is in doubt

(O.: continuum derivative; V,,, V7, lattice finite differences)
Humboldt U. - 31.5.2010 - p.
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At the end of the day the origin of the fermion doubling lies in the fact that the
Dirac equation is first order

A scalar propagator does not have this kind of problems, as it is the solution of
a second-order differential equation

= linear crossings around p = 0 are replaced by second-order zeros

The scalar does not pass again through zero, because at the origin is O(p?),
and thus does not need to go into negative values!

= no further crossings = no doublers

How do Wilson fermions fit in the pictures discussed before?

The above considerations are not valid anymore; now we have

1 1 . 2r . 2
iy, ubPu(p) + Q) <P”(p) = g Sinapw Q)= D_sin ap“/2>

and at 7 /a the denominator, instead of going to zero, is proportional to r/a

The functional form has changed; the additional term, without gammas,

breaks chiral symmetry Humboldt U, - 31.5.2010 - p
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Contrary to what one would naively expect from the Nielsen-Ninomiya
theorem, it is still possible to construct a Dirac operator which satisfies the first
three conditions and it is also chirally invariant

Solution to this apparent paradox : the corresponding chiral symmetry is not
the one associated with a Dirac operator which anticommutes with ~5

The fourth condition is instead replaced by the Ginsparg-Wilson relation:
~vs D + D~ys IS not zero, but proportional to aD~s D

Thus, the actual lattice chiral symmetry is not what one naively expects

Humboldtf U. - 31.5.2010 - p.
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Contrary to what one would naively expect from the Nielsen-Ninomiya
theorem, it is still possible to construct a Dirac operator which satisfies the first
three conditions and it is also chirally invariant

Solution to this apparent paradox : the corresponding chiral symmetry is not
the one associated with a Dirac operator which anticommutes with ~5

The fourth condition is instead replaced by the Ginsparg-Wilson relation:
~vs D + D~ys IS not zero, but proportional to aD~s D

Thus, the actual lattice chiral symmetry is not what one naively expects

Lischer [1998] has shown that Ginsparg-Wilson fermions possess an
exact global chiral symmetry at finite lattice spacing, of the form

Y o ey (1—%D)w

Y — Eﬂ-e'@%

It is a sort of “escape” from the Nielsen-Ninomiya theorem

The Nielsen-Ninomiya theorem is still valid, but — in spite of this — one can still
get a nonpathological formulation of chiral fermions with no doublers

Humboldtf U. - 31.5.2010 - p.
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When the condition that the Dirac operator anticommutes with s is released
(at a # 0), the lattice quark propagator is not restricted to be of the form

1
izu ’Yupu(p)

Then, the considerations about the presence of the doublers that we derived
from it are not anymore valid

In fact, one finds more general forms of the fermion propagator — for instance
the overlap propagator

Non-trivial solutions of the Ginsparg-Wilson relation (1982 — 1997/98) :
#» domain-wall fermions (Kaplan, Shamir & Furman, 1992/93)
® overlap fermions (Neuberger & Narayanan, 1992 — Neuberger, 1998)
# fixed-point fermions [Perfect actions] (Hasenfratz & Niedermayer, 1993)

Theoretically superior, but extremely costly in practice — and non local

Ginsparg-Wilson fermions are much more complicated and computationally
expensive than Wilson or staggered fermions

Humboldtf U. - 31.5.2010 - p.
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Graphene: a “cousin” of diamond and graphite

Nanoscopic material, ultra-thin sheet of matter — a form of the element carbon
that is just a single atom thick

Is a single layer of graphite consisting of a 2-dimensional hexagonal lattice of
carbon atoms

Graphite (pencil, 1564): essentially a jumbled mass of tiny scraps of graphene

Humboldtf U. - 31.5.2010 - p.



Graphene

Writing with a pencil on paper actually produces graphene stacks

... somewhere among them, there could be individual graphene layers

Graphene was identified as a theoretical possibility as early as 1947 (Wallace)

However, for many years it was thought that it couldn’t exist in nature — no one
expected graphene to exist in the free state

Graphene is presumably produced every time someone writes with a pencil

however, no experimental tools existed to search for macroscopic
one-atom-thick flakes among the pencil debris

Only in 2004 the existence of graphene as a real separate material was first
demonstrated (University of Manchester, UK)

In graphene, electrons behave as if they were relativistic massless particles
= ultra-high mobilities exhibited by graphene devices

= a variety of unique, and potentially very useful, characteristics

Humboldtf U. - 31.5.2010 - p.



Graphene
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Its unique electrical characteristics could make graphene the successor to
silicon in a whole new generation of microchips

= further development of ever-smaller, ever-faster silicon chips

Because of its single-atom thickness, pure graphene is transparent , and can
be used to make transparent electrodes for light-based applications such as
LEDs or improved solar cells

Graphene could also substitute for copper to make the electrical connections
between computer chips and other electronic devices, providing much lower
resistance and thus generating less heat

It has also potential uses in quantum-based electronic devices that could
enable a new generation of computation and processing

This field is really in its infancy

There isn’'t any other material like graphene

Its strength is 200 times that of steel

The mobility of electrons in graphene is by far the highest of any known

material
Humboldf U. - 31.5.2010 - p.



Graphene

Michael Creutz, JHEP0O804:017, 2008

Clever choice of coordinates

Orient one third of the bonds horizontal, one third sloping up at 60 degrees,
and one third sloping down

Organize the graphene structure into two-atom “sites” involving “collapsed”
horizontal bonds (as enclosed in ellipses)

Use a non-orthogonal coordinate system with axes sloping up and down at 30

degrees intersecting the corresponding sites
J J PONEINg Humboldt U. — 31.5.2010 - p.



Graphene

The Hamiltonian contains only nearest-neighbor hoppings between a and b
type sites:

— E T
- K ( xl T2 :Bl ) —|_ bxl x2a/£l,‘1 9 —|_ a371+1 meJJl 9 —|_ bxl 1 m2a/£l,‘1 o

r1,T2

.'.
—|_a’:E1 xro— 1bx1 2 + b:l,'l ;(;2—|—1a’371 x2)

In momentum space

~

H=K { Ap1p2bp1.p2 <1 Fe _|_e%p2) +b2T91 p20p1,p2 <1 + et e m)}

Z

can be represented by a matrix K (ZO* 0

) y where z =1 + e_ipl + eip2

Eigenvalues of the energy : +K|z]

The energy vanishes when |z| does

= only 2 zeros: pi; = ps = £27/3

Consider contours of constant |z| around the zeros

Humboldtf U. - 31.5.2010 - p.



Graphene

2T11/3

T —2113 oM/3 T

- —211/3

The phase of |z| wraps non-trivially around such a contour of constant energy

We can then understand that when one reduces the energy and shrinks the
contour to a point, the magnitude of the energy at this point _must vanish

The massless structure is robust , thanks to this topological stability
Humboldt U. - 31.5.2010 - p.



Graphene
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alowed forbidden

This mechanism prevents a band gap from opening in the spectrum

= linear dispersion relation
= graphite is black and a conductor

= Dirac equation

Striking: it contains 2 massless Dirac particles
(Hou, Chamon and Mudry, 2006; Jackiw and Pi, 2007)

Creutz’s original motivation: the low energy electronic excitations are
described by the massless relativistic Dirac equation

Humboldtf U. - 31.5.2010 - p.



Graphene

The massless structure is robust, for topological reasons related to chirality:
map of circles onto circles

These electrons mimic Dirac fermions, but actually move in graphene with a
speed

(comparable to that in half-filled metals)

Humboldtf U. - 31.5.2010 - p.
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The massless structure is robust, for topological reasons related to chirality:
map of circles onto circles

These electrons mimic Dirac fermions, but actually move in graphene with a
speed

(comparable to that in half-filled metals)

Creutz then constructed an action with similar properties in four dimensions
(in the same paper, JHEP0804:017, 2008)

Afterwards (2008): further developed by Borici, and then again by Creutz

— Borici-Creutz fermions

can also be constructed without referring to graphenes (see later)

Karsten-Wilczek fermions: another instance of minimally doubled fermions

proposed already in 1981 and 1987
Humboldf U. - 31.5.2010 - p.
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Connection with chiral symmetry: b — —b changes the sign of H

0 ) anticommutes with H (p1,p2) = K( O* Z)

The matrix o3 = <1 0

0 —1

In four dimensions it would correspond to s

Four-dimensional extension of the graphene ( Creutz ):

complex numbers — quaternions

0

Look for an analogous form H(p,) = K (Z* Z) in four dimensions

0
H(p,) is now a 4x4 matrix

z = z(p1,p2,p3, pa) are 2x2 matrices in a quaternionic space:

o —> —> : 2 2
z=uao+iadc, with |z|” = E a,
n

where a,, is a real 4-vector
Humboldt U. - 31.5.2010 - p.
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Eigenvalues of the energy: still +K|z]|

Generalize topology to mapping 3-spheres onto 3-spheres

Constant energy surfaces must involve non-trivial mappings in the quaternionic
space near the zeros (= a, vanishing as a 4-vector )

— topological stability of the massless structure

Humboldtf U. - 31.5.2010 - p.
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Gamma matrices;: .
S — 1 ®F = 0 o
v g 0

’74:—(72®1:(0. 8)

—i
1 0
Y5 =03 Q1 =y1727374 = (O _1>

The lattice implementation of D = K (ZO* S) IS not unique — we only

need a z(p) with two zeros

Creutz’s proposal:

z = B(4C — cospi + cosps — cOsSps — COS p4)
+io (sinp; + sin pa — sin p3 — sin py)
+ioy (sinp; — sinpe — sin p3 + sin pa)

+io, (sinp; — sinp2 + sin p3 — sin p4)

B and C' control anisotropic distortions
Humboldt U. - 31.5.2010 - p.



Minimally doubled fermions

Graphene (2 d): one bond splits into two

and iterate

smallest loops are hexagons

Humboldtf U. - 31.5.2010 - p.



Minimally doubled fermions

Graphene (2 d): one bond splits into two

and iterate

smallest loops are hexagons

Diamond (3 d): one bond splits into three

; and iterate

smallest loops are cyclohexane “chairs”

Humboldtf U. - 31.5.2010 - p.



Minimally doubled fermions

Graphene (4 d): one bond splits into four

and iterate
smallest loops are hexagonal “chairs”

—~

Humboldtf U. - 31.5.2010 - p.



Minimally doubled fermions

Graphene (4 d): one bond splits into four

and iterate
smallest loops are hexagonal “chairs”

—~

(thanks to Mike Creutz for providing many of these pictures)

Humboldtf U. - 31.5.2010 - p.



Minimally doubled fermions

4d graphene:

Humboldtf U. - 31.5.2010 - p.



Minimally doubled fermions

4d graphene:

Graphene Diamond 4d Graphene

o g

Humboldtf U. - 31.5.2010 - p.



Minimally doubled fermions

Borici : General family of (massless) actions on non-orthogonal lattices

D(p) = iBa <4C — Z cospu) + 1 i%Sk(p)

7

where
si(p) = sinp; + sinps — sinps — sinpy
sa(p) = sinp; —sinp2 — sinps + sinps
ss(p) = sinp; —sinps2 + sinps — sinps

All these actions have two zeros, at (p,p, p,p) and (—p, —p, —p, —p), With
C' = cosp

Now we go on orthogonal lattices, where Bsinp = C

When we then put B = 1, after some translations of the momenta and
rescalings we obtain the Borigi-Creutz action

The Borici-Creutz action can be also constructed directly as a linear
combination of two naive fermion formulations ( Creutz )

Our focus here is on Borici-Creutz and Karsten-Wilczek fermions
Humboldt U. - 31.5.2010 - p.



Borici-Creutz fermions

The work of Borici and Creutz leads to a fermionic action whose free Dirac
operator in momentum space reads

D(p) =1 Z(%‘ sinpy, + 7, cospy) — 2iI" + mg

uw

where

1
F:§(W1—|—W2—|—’Y3—|—W4) (T* =1)

and )
Yo =Tyl =1 =7,

Useful relations:

Y =) =20, {Tp}=1, {I,y}=1
% %

The action vanishes at p; = (0,0,0,0) and p2 = (7/2,7/2,7/2,7/2)

This ingenious construction represents a special linear combination of two
(physically equivalent) naive fermions , corresponding to the first two terms in

the action
Humboldt U. - 31.5.2010 - p.



Borici-Creutz fermions

Consider the massless case:

D(p) =1 Z’yp sinp,, + 1 Z’)/LCOSPM — 2
p p

Humboldtf U. - 31.5.2010 - p.



Borici-Creutz fermions

Consider the massless case:

D(p) =1 Z’)/M sin p,, + @ ZwL cosp, — 2iI°
p p

16 dc;ablers

The first term, as widely known, has 16 zeros in the first Brillouin zone, that is
when any component of the momentum is 0 or =

Humboldtf U. - 31.5.2010 - p.



Borici-Creutz fermions

Consider the massless case:

D(p) =1 Z’yp sinp,, + 1 ny; cosp, —2:I
p p

16 dc;ablers

The first term, as widely known, has 16 zeros in the first Brillouin zone, when
any component of the momentum is 0 or

The second term has also 16 doublers, but they are positioned at the momenta
(£7/2,+7m/2,+7 /2, +7/2)
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Borici-Creutz fermions

Consider the massless case:

D(p) =1 Z’yp sinp,, + 1 ny; cosp, —2:I
p p

16 dc;ablers

The first term, as widely known, has 16 zeros in the first Brillouin zone, when
any component of the momentum is 0 or

The second term has also 16 doublers, but they are positioned at the momenta
(£7/2,+7m/2,+7 /2, +7/2)

These are the maximally distant momenta from the zeros of the first term

Humboldtf U. - 31.5.2010 - p.



Borici-Creutz fermions

Consider the massless case:

D(p) =1 Z’yp sinp,, + 1 ny; cosp, —2:I
p p

16 dc;ablers

The first term, as widely known, has 16 zeros in the first Brillouin zone, when
any component of the momentum is 0 or

The second term has also 16 doublers, but they are positioned at the momenta
(£7/2,+7m/2,+7 /2, +7/2)

These are the maximally distant momenta from the zeros of the first term

Does then this action have 32 doublers?
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Borici-Creutz fermions

Consider the massless case:

D(p) =1 Z’yp sinp,, + 1 ny; cosp, —2:I
p p

16 dc;ablers

The first term, as widely known, has 16 zeros in the first Brillouin zone, when
any component of the momentum is 0 or

The second term has also 16 doublers, but they are positioned at the momenta
(£7/2,+7m/2,+7 /2, +7/2)

These are the maximally distant momenta from the zeros of the first term

Does then this action have 32 doublers?

No!

The massless Borici-Creutz action has only the two zeros p; = (0,0,0,0)
(from the first term) and ps = (w/2,7/2,7/2,7/2) (from the second term)
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Borici-Creutz fermions

Consider the massless case:

D(p) =1 Z’yp sinp,, + 1 ny; cosp, —2:I
p p

16 dc;ablers

The first term, as widely known, has 16 zeros in the first Brillouin zone, when
any component of the momentum is 0 or

The second term has also 16 doublers, but they are positioned at the momenta
(£7/2,+7m/2,+7 /2, +7/2)

These are the maximally distant momenta from the zeros of the first term

Does then this action have 32 doublers?

No!

The massless Borici-Creutz action has only the two zeros p; = (0,0,0,0)
(from the first term) and ps = (w/2,7/2,7/2,7/2) (from the second term)

How does this come out?
Humboldt U. - 31.5.2010 - p.



Borici-Creutz fermions

The 16 doublers of the first naive fermion action, representing momentum
space as a product of toroids

Humboldtf U. - 31.5.2010 - p.



Borici-Creutz fermions

The 16 doublers of the first naive fermion action, representing momentum
space as a product of toroids

The 16 doublers of the second naive action are located at p,, = +7 /2, furthest
from the ones of the first naive action

Michael Creutz, PoS LATTICE2008:080, 2008
(Michael Creutz, Pos / Humboldt U, — 31.5.2010 - p.



Borici-Creutz fermions

D(p)= i Z’Yu sinp, 4+ i Z’y;,, COS Py — 2
p p
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Borici-Creutz fermions

D(p) = i Z%” sinp, + 1 Z’y;,, COS Py — 2¢
p p

Y

at p2:(71'/2,71'/2,71'/2,71'/2)

=iy 4 =2il
p

Humboldtf U. - 31.5.2010 - p.



Borici-Creutz fermions

D(p)= i g Yusinp, 4+ @ g Y,, COS Py, —2iT
p p
at p2:(7‘-/277‘-/277‘-/277‘-/2) at p12(0707070)

=i) =20 =i) 4, =2
p p

Humboldtf U. - 31.5.2010 - p.



Borici-Creutz fermions

D(p)= i g Yusinp, 4+ i@ g Y,, COS Py, —2i
— y — _ restores p1 and p2 as zeros
at po=(mw/2,7/2,m/2,m/2) at p1=(0,0,0,0) of the total action

=iy y=20 =i) 5, =2l
p p

Humboldtf U. - 31.5.2010 - p.



Borici-Creutz fermions

D(p)= 1 g Yusinp, 4+ i E Y,, COS Py, —2¢
— y — _ restores p1 and p2 as zeros
at po=(mw/2,7/2,m/2,m/2) at p1=(0,0,0,0) of the total action

=iy y=20 =i) 5, =2l
p p

Since at p; = (7/2,7/2,7/2,m/2) one hasi ), ~yusinp, =iy v =2il,
and (for a kind of complementarity) at p;, = (0,0,0,0) one has
i), Yucospy =iy v, = 2il', the addition of a third term in the action,

—2:1", is required in order for these two values of p to remain zeros (when
mo = 0) also of the combined action of the two naive fermions
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Borici-Creutz fermions

D(p)= 1 g Yusinp, 4+ i E Y,, COS Py, —2¢
— y — _ restores p1 and p2 as zeros
at po=(m/2,7/2,7/2,7/2) at p1=(0,0,0,0) Of the total action

=iy =20 =i) 4, =2l
% %

Since at p; = (7/2,7/2,7/2,m/2) one hasi ), ~yusinp, =iy v =2il,
and (for a kind of complementarity) at p;, = (0,0,0,0) one has
i), Yucospy =iy v, = 2il', the addition of a third term in the action,

—2:1", is required in order for these two values of p to remain zeros (when
mo = 0) also of the combined action of the two naive fermions

All the other 30 doublers were already lifted when one put the first and second
term together, and the third term does not change this
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Borici-Creutz fermions

D(p)= 1 g Yusinp, 4+ i E Y,, COS Py, —2¢
— y — _ restores p1 and p2 as zeros
at po=(m/2,7/2,7/2,7/2) at p1=(0,0,0,0) Of the total action

=iy =20 =i) 4, =2l
% %

Since at p; = (7/2,7/2,7/2,m/2) one hasi ), ~yusinp, =iy v =2il,
and (for a kind of complementarity) at p;, = (0,0,0,0) one has
i), Yucospy =iy v, = 2il', the addition of a third term in the action,

—2:1", is required in order for these two values of p to remain zeros (when
mo = 0) also of the combined action of the two naive fermions

All the other 30 doublers were already lifted when one put the first and second
term together, and the third term does not change this

I' = % (71 + v2 + 3 + v4) selects a special direction — hypercubic breaking

Humboldtf U. - 31.5.2010 - p.



Borici-Creutz fermions

D(p)= 1 g Yusinp, 4+ i E Y,, COS Py, —2¢
— y — _ restores p1 and p2 as zeros
at po=(m/2,7/2,7/2,7/2) at p1=(0,0,0,0) Of the total action

=iy =20 =i) 4, =2l
% %

Since at p; = (7/2,7/2,7/2,m/2) one hasi ), ~yusinp, =iy v =2il,
and (for a kind of complementarity) at p;, = (0,0,0,0) one has
i), Yucospy =iy v, = 2il', the addition of a third term in the action,

—2:1", is required in order for these two values of p to remain zeros (when
mo = 0) also of the combined action of the two naive fermions

All the other 30 doublers were already lifted when one put the first and second
term together, and the third term does not change this

I' = % (71 + v2 + 3 + v4) selects a special direction — hypercubic breaking

Note: this Dirac operator is purely anti-hermitian
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Karsten-Wilczek fermions

Already in the Eighties: Karsten (1981) and then Wilczek (1987) proposed
some particular kind of minimally doubled fermions

Unitary equivalent to each other, after phase redefinitions

Wilczek [ PRL 59, 2397 (1987) | proposed a special choice of the function
P,.(p) which minimizes the numbers of doublers
The Karsten-Wilczek Dirac operator

3

4
D(p) = ’iZ’Yu sinp,, + 14 Z(l — COS Pk

u=1 k=1
has zeros at p; = (0,0,0,0) and p2 = (0,0,0, )

Drawback: it destroys the equivalence of the four directions under discrete
permutations

Mixings with new operators then arise

So: now we cannot have Pi(p) = P2(p) = Ps(p) = Pa(p)
Humboldt U. - 31.5.2010 - p.



Hypercubic breaking

The actions of minimally doubled fermions have two zeros
= there is always a special direction in euclidean space

(given by the line that connects these two zeros)

Thus, these actions cannot maintain a full hypercubic symmetry

They are symmetric only under the subgroup of the hypercubic group which
preserves (up to a sign) a fixed direction

For the Borici-Creutz action this is a major hypercube diagonal, while for other
minimally doubled actions it may not be a diagonal — for example for the
Karsten-Wilczek action is the x4, axis

Although the distance between the 2 Fermi points is the same (p3 — p5 = 72),
these two realization of minimally doubled fermions are not equivalent

The breaking of the hypercubic symmetry implies the appearance of mixings
with operators of different dimensionality, like Iy or I D*1

For minimally doubled fermions a mixing with dimension-3 operators cannot be

avoided ( Bedaque, Buchoff, Tiburzi and Walker-Loud )
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Quark propagator and vertices

/>
Inverting the Borici-Creutz action we obtain the fermion propagator S(p) as

—i ), Yu(sinapy — cosap,) —il' (3, cosap, — 2) + amo
>, (sinapy, ) cosap, — 2sinapy(cosap, + 1) —2cosapy) + 8 + (amo)?

a

The denominator of this propagator cannot be cast (as instead is conveniently
done for many standard actions) in a form which possesses a definite behavior
under parity transformation of each single coordinate (p; — —p;)

This is probably connected to the fact that there is an intrinsic special direction
for these actions

By using {v,, v} = {7, %} =20 and {yu,7.} =1 — 20, , the above
guark propagator can also be written in the more convenient form

) —i) ., [%L sin ap,, — 2, sin’ apu/2] + amg
4 Zu [sin2 ap, /2 + sinap, (sim2 apu/2 — 5> sin® ap,,/2)] + (amo)?

S(p) =

where the limit of small p (continuum limit) is more transparent

The second pole at ap = (w/2,7/2,7/2,7/2) describes (as expected) a

particle of opposite chirality to the one at ap = (0,0, 0,0)
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Quark propagator and vertices

Quark propagator for Karsten-Wilczek fermions (2nd pole at ap = (0,0, 0, 7)):
3

4
—1 Z Yy SN ap, — 214 Z sin” ap% + amgo

— p=1 k=1
S(p) =a— 3 3 :
1 ; .2 APk . 2 APk
Z sin” ap, + 4sin apy Zst 5 + 4 <Z sin? T) + (&m0)2
p=t k=1 k=1
Quark-quark-gluon and quark-quark-gluon-gluon vertices (Borigi-Creutz):
Vl (p1,p2) — _,L'go (%u cOS CL(pl ‘;pQ)M o 7/: <in CL(pl ZPQ)M)
1
Va(pi,pe) = iag; (w iy UP1 ;‘p2)u A, cos a(p1 —;pz)u)
Quark-quark-gluon and quark-quark-gluon-gluon vertices (Karsten-Wilczek):
- a(pr + . a(p1 +
Vi(pi,p2) = —igo (% Cos (P2 5 P2)u + 94 (1 — 8,4) sin (p1 : p2)“)
1. . alpy + o
Velpipe) = giog (’YM sin LD (1) cos UL M)

(p1 and p2, momenta in and out of the vertex) Humboldt U. - 31.56.2010 - p.



Counterterms
O — |

Each of these two bare actions does not contain all possible operators allowed
by the respective symmetries

= counterterms need to be added

Radiative corrections generate new contributions whose form is not matched
by any term in the original bare actions

The counterterms are then necessary for a consistent renormalized theory
This consistency requirement will uniquely determine their coefficients

Our task: add to the bare actions all possible counterterms allowed by the
remaining symmetries (after hypercubic symmetry has been broken)

These counterterms are not invariant under the hypercubic group — they are
lattice artefacts peculiar to minimally doubled fermions

We consider operators of dimension four or lower, and we write them first in a
continuum form

Afterwards, we look for convenient discretizations of these counterterms
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Counterterms
/>
In the following we will consider the massless case mo =0

Chiral symmetry strongly restricts the number of possible counterterms

Since they have to anticommute with ~5, we look only for operators in which a
v, matrix (or a sum of them) can be present — but not other matrices like 1, s,

Yuys and o,

For Borici-Creutz fermions, operators are allowed where summations over just
single indices are present (in addition to the standard Einstein summation
over two indices)

Then objects like ZM v, = ' appear

We find that there can be only one dimension-4 counterterm: T’ ZM D,

Possible discretization on the lattice: with a form similar to the hopping terms
already present in the action

We then have the gauge invariant expression

ea(3) 5 3 (V@) T V@) bl + o) = Bl + i) T UL () ()
g Humboldt U. — 31.5.2010 - p.



Counterterms
O — |

. 2
There is also one counterterm of dimension three; - (90) P(x) T ap(x)
a

This is already present in the bare Borici-Creutz action, but with a fixed
coefficient, —2/a

The appearance of this counterterm means that in the general renormalized
action the coefficient of this operator must be kept general

Rather than a redefinition of some parameter, is the introduction of a new one

In perturbation theory it is convenient to use the convention that the operator
(x)p(x) in the renormalized action has the coefficient (—2 + c3)i/a

For Monte Carlo simulations other choices might be more reasonable

This piece of the action determines among others the position of the poles of
the propagators, which are moved by radiative corrections

Then, a possible renormalization condition is to choose the value of the
coefficient which restores the poles to their original locations at p; and p-
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Counterterms
O — |

For Karsten-Wilczek fermions we find an analogous situation

Here objects are allowed in which Kronecker deltas can constrain any index to
be equal to 4

It is easy to see that the only gauge-invariant counterterm of dimension four
that can be added to the bare action is ) v, D4 1)
A suitable discretization:

da(98) o (@) 72 Vs @) ¥(a + ad) = Bl + ad) 32 U} (2) ()

There is also one counterterm of dimension three,

) )y p(a)

which is already present in the bare Karsten-Wilczek action, with a fixed
coefficient

The coefficient of the term ) (z)v41(x) in the renormalized action will be

(34 ds)i/a
Humboldt U. - 31.5.2010 - p.



Counterterms
cscs-————
In perturbation theory the coefficients of all these counterterms are functions
of the coupling which start at order g3

They give rise at one loop to additional contributions to fermion lines
These insertions need to be included in consistent one-loop calculations

The rules for the corrections to fermion propagators, needed for our one-loop
calculations, can be easily derived

For external lines, they are given in momentum space respectively by

. 2
) 1C
—ica(gg) T Zpu, — 3290) r

for Borici-Creutz fermions, and by

, ids (g
—ida(g0) yapa, — S(QO)M

for Karsten-Wilczek fermions

We will determine all these coefficients (at one loop) by requiring that the

renormalized self-energy assumes its standard form
Humboldt U. - 31.5.2010 - p.



Counterterms
O — |

Counterterm interaction vertices are generated as well

These vertex insertions are at least of order g3, and thus they cannot
contribute to the one-loop amplitudes that we study here

Humboldtf U. - 31.5.2010 - p.



Counterterms
O — |

Counterterm interaction vertices are generated as well

These vertex insertions are at least of order g3, and thus they cannot
contribute to the one-loop amplitudes that we study here

The form of the counterterms remains the same at all orders of perturbation
theory

Only the values of their coefficients change according to the loop order

The same counterterms appear at the nonperturbative level, and will be
required for a consistent numerical simulation of these fermions

We also want to emphasize that counterterms not only provide additional
Feynman rules for the calculation of loop amplitudes

They can modify Ward identities and hence, in particular, contribute additional
terms to the conserved currents

Humboldtf U. - 31.5.2010 - p.



Self-energy

The tadpole of the self-energy can be easily computed from the vertex V2 (p, p)

The relevant expression for Borici-Creutz fermions is, in a general covariant
gauge 0, A, =0,

LD ta o) iagder Y (e + (0 - 51+ 0

CL2
v
which is equal to

giCr L (1-10-a) (#+ 2> (0 =) +0()
where !

dp 1 1
Zo = — = 0.1549333....... = 24.466100
! / (27)% p? 1672

Terms of O(a) and higher are not important here
Since ZM v, = 21", the result of the one-loop tadpole is

Z 1 2iT
siorg (1-30-) (9 77)
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Self-energy

/>
The iy term is the same as for Wilson fermions, while the other term (as
already noted by Bedaque, Buchoff, Tiburzi and Walker-Loud ) would imply a

power-divergent 1/a mixing with the dimension-3 operator 1) I" v}

... If not compensated by an analogous term coming from the other diagram of
the self-energy, the sunset diagram

In our work we have shown that there is no such compensation

The result of the sunset diagram is

96
W oz OF

log a’p® — 5.42642 + (1 — a)( —loga®p” + 7.850272)]

2
+my - 902 Cr

4 loga’p” — 29.48729 + (1 — a)( —loga’p” + 5.792010)]

167
9
+1.52766 - -5 Cr il ) py
W
95 T
5.07558 4 6.11653 (1 — a)) - Cp-i~—
+( + (I-a)) 755 Cr i
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Self-energy

Note that gauge invariance forces the terms proportional to 1 — « to be the
same as (for example) Wilson or overlap fermions

This is an important check of the correctness of our calculations

The total self-energy (without counterterms) of a Borici-Creutz fermion is then
given at this order by

S(p,mo) = i 51 (p) + mo Da(p) + e1(68) i Ty pu + calgd) i

v
with

2

Sh(p) = 1+-2_ O loga2p2—|—6.80663—|—(1—a)<—loga2p2—|—4.792010)

L6 +0(go)

2

Yo (p) = 1+1g;2 Cr |4 loga’p®—29.48729+(1—a) <—log a2p2—|—5.792010)

+0(go)

2

c1(g?) = 1.52766- 1g;2 Cr + O(gd)

2

c2(g2) = 29.54170 - 15;2 Cr + O(gd)
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Self-energy

As expected, the two terms I'/a coming from the tadpole and the half-circle
diagrams do not cancel — in fact, they reinforce each other

Notice that the parts proportional to 1 — « instead exactly cancel, as required
by gauge invariance

The full inverse propagator at one loop can be written (without counterterms)
as

S (p,mo) = (1—21)~{iﬂ—|—mo (1—22—|—Zl) ic1 Z’yﬂ Zpy—gf}

We can only cast the renormalized propagator in the standard form

Zo
Zﬂ + Z. Mo

E(p, mo) —
with the wave-function and quark mass renormalization given by

—1
22:(1—21) , Zm:1—(22—21)

if we use the counterterms to cancel the Lorentz non-invariant factors
(C1 and CQ)
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Self-energy

The term proportional to c;(g3) can be eliminated by using the counterterm of
the form ZM Yu Y., Dv 9 (permitted by the symmetries of the theory)

The term proportional to c2(g5) can be eliminated using the counterterm

1ory

a

which is already present in the action:

S(x)= -+ +a Z¢ (mo—E)lp(x)

For Borici-Creutz fermions we then determine at one loop

2

167r2

2
0 4

cs(gs) = 29.54170- Cr + O(g5)

ca(gy) = 1.52766 -
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Self-energy
/>

For Karsten-Wilczek fermions the result of the tadpole is

gor % (1= ) (- 229

The complete self-energy (without counterterms) comes out as

S(p,mo) = i £1(p) + mo Ta(p) + di(g5) - i7apa + da(g5) - i -

where

2

1(p) = 12%2 Cr

log a’p” 4+ 9.24089 + (1 — a)( —loga’p” + 4.792010)]

92
S2(p) = =5 Cr

4 loga’p® — 24.36875 + (1 — a)( —loga’p” + 5.792010)]

167
2 9(2)
di(gp) = —0.12554 - 63 Cr
92
da(gs) = —29.53230 - 1602 Cr
T Humboldt U. - 31.5.2010 - p.



Self-energy

The full inverse propagator at one loop can be written, without counterterms,
as

_ , , d
by 1(p,mo) = (1 — 21) ' (Zﬁ—l— mo (1 — 22 —|—Z1) — td1 Yaps — 272’74)

Similarly to before, by adding to the Karsten-Wilczek action counterterms of
the form

Y y1 Dap, %@’YMD

the terms which are not Lorentz invariant can be eliminated, and the
renormalized propagator can be written in the standard form

Z(p,mo) = z’%+ZZQm mo
Then, at one loop
ds(g?) = —29.53230- 1gi2 Cr + O(gs)
di(g5) = —0.12554- 1gi2 Cr 4+ O(g5)
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Bilinears

We have also computed the renormalization of the (local) bilinears

Here we give the results of the vertex diagrams, to which the wave-function

renormalization ( >J; of the self-energy) must be added, to obtain the complete
renormalization factors

For the scalar density the vertex diagram gives, for Borici-Creutz fermions,

2

g0
C
1602 F

— 4 loga’p” +29.48729 + (1 — @) <log a’p’ — 5.792010)]

There are no mixings here coming from the breaking of hypercubic invariance

For the tensor current we obtain the result of the vertex diagram as

9%

5 Crow [2.16548 + (1 —a) (log a’p’ — 3.792010)]

Also here there are no mixings coming from the breaking of hypercubic
iInvariance

Humboldtf U. - 31.5.2010 - p.



Bilinears
O — |

For the vector we obtain for the vertex diagram

2

90 _ cpry, | —loga®p® +9.54612 + (1 — ) <log a’p® — 4.792010)

o= +ci(gg) T

with the coefficient of the mixing given by

2

¢ (g2) = —0.10037 - é’oz Cr + O(gd)

167

This is a mixing with an operator of the same dimensionality, which is not
invariant under the hypercubic group

Notice that there can be no power-divergent mixing here (and in all the other
bilinears), as one can see by simple dimensional counting

As a consequence of chiral symmetry, the same numbers appear in the
renormalization of the vector and axial currents, and this also happens for the
scalar and pseudo-scalar densities

We have verified this with our codes
Humboldf U. - 31.5.2010 - p.



Bilinears
/>
For Karsten-Wilczek fermions, the vertex diagram of the scalar density gives

2

9o
C
1672 F

— 4 loga’p” + 24.36875 + (1 — a) ( log a’p” — 5.792010)]

For the vector current:

90

Tz CF W

—log a’p°+10.44610—6,,4-2.88914+(1—q) (log a2p24.792010)]

The spatial and temporal components of the vector (as well the axial) current
receive different radiative corrections!

Cross-mixings between the spatial and temporal components appear to be
absent — each of these components still renormalizes multiplicatively

For the tensor current:

2
12;2 Cr 0 [4.17551 + (1 — ) (log a’p’ — 3.792010)]

The tensor operator does not appear to show any preference for the temporal
direction even after (one-loop) renormalization — all 6 independent components

of the tensor operator renormalize with the same numbers
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Renormalization of the mass
/>
Chiral symmetry protects the quark mass m, from an additive renormalization

The relation between the bare and renormalized quark masses, mo and mg, IS

then
MR = Zm Mo

The full expression for the renormalization factors of the scalar and
pseudo-scalar densities at one loop is

ZS:Zp:1—(AS‘|‘Zl>

where Ag is the result for the one-loop vertex diagram of the scalar density

As is exactly equal to the O(gg)-contribution to the quark self-energy X, but
comes with an opposite sign
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Renormalization of the mass
/>
Chiral symmetry protects the quark mass m, from an additive renormalization

The relation between the bare and renormalized quark masses, mo and mg, IS

then
MR = Zm Mo

The full expression for the renormalization factors of the scalar and
pseudo-scalar densities at one loop is

ZS:Zp:1—(AS‘|‘Zl>

where Ag is the result for the one-loop vertex diagram of the scalar density

As is exactly equal to the O(gg)-contribution to the quark self-energy X, but
comes with an opposite sign

Then, the renormalization factors Zs and Zp satisfy
1/Zy =Zs =Zp
The last equality is a consequence of chiral symmetry

The renormalization of the quark mass for minimally doubled fermions has the

same form as (say) overlap fermions
Humboldf U. - 31.5.2010 - p.



Conserved vector and axial currents
cscs-————
We have seen that Zy and Z, are not equal to one

The local vector and axial currents are not conserved

We need to consider the chiral Ward identities in order to work with currents
which are protected from renormalization

We have constructed the conserved vector and axial currents, and verified that
at one loop their renormalization constants are equal to one

We act on the Borici-Creutz action in position space

S:a4z

x

o > [P@) O+ 190 Une) e + al)

2a
w

=0+ aff) (e — 7)) Ub@) ()] + (@) (mo - 2) w«w]

with the vector transformation
5\/?70 = 1 @D, 5V@ — —’IZOAE
or the axial transformation

SAY =iaysth, Sah = iathys
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Conserved vector and axial currents

cscs-————
Take the Ward identity

00(x1---on) \ o 65
< da(x) > N <O( ' n) 5a(az)>

For an axial transformation we have

z<5a52})> — v <O(:U1---:Un)Au(x)>

(similarly for a vector transformation)

For on-shell matrix elements, O(x: - - - x,,) is a product of the operators which
generate the required initial and final states from the vacuum

Applying the axial transformation ¢4, we look for a current A7°"*(z) which
satisfies 59

! da(x)

— v* AZO’)’LS (33) — Azons (CU) o Azons (CU o aﬁ)

If the axial transformation is a symmetry of the action , then the current
A7°"*(x) is conserved

(similarly for the vector current)
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Conserved vector and axial currents

Using translational invariance, the vector transformation gives
. 3 - R / R
35 = 5N a@) Y @ — o) ( + i9}) Ul — afi) (o)
x v o

—(z + ap) (v — i) UL (2) ¢ ()

—¥(@) (v + 17,) Un(@) (z + api)

() (3 — i7,) UL (@ = ) (@ — o)
The corresponding expression for the axial transformation is (for mo = 0)

a’ - A~ ./ ~
08 = % > alz))y {w(w‘ — ap) (Y + 7)) 5 Un(z — ap) ()
x v’ o
—(z + ap) (v — 7)) 15 UL (@) ¢ ()

—h(x) (vu +iv0) 5 Un () Y (x + api)
+¢

() (v = %) 35 Ul (2 = afi) (w — o)

Axial symmetry only works for mo = 0:  (z)(x) — 2ia(z) Y (z)ys(x)
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Conserved vector and axial currents

/>
We then obtain the conserved vector corrent for Borici-Creutz fermions as

Vit () = 5 lw(:v) (Vutivn) Un(@) Y(z+ap)+¢(z+ap) (v, —iv,) UL(x) ¢(:v)]
while the axial current (conserved in the case mo = 0) is

A5 (2) = 3 [wx) (i 7) 5 Upa (@) t(e-+aid) 43 (@+aFi) (vu—i7p) 75 U () w<x>]

We can only obtain isospin-singlet currents, since the action describes a
degenerate doublet of fermions

We have computed the renormalization of these point-split currents

We give here the results for the individual diagrams of the conserved vector
current

For the conserved axial current the numbers are the same, and one just needs
to replace ~, with ~,vs,and T" with I'vys
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Conserved vector and axial currents
cscs-————
The vertex diagram gives the result

2
5 Cr _loga2p2+0-61800+(1—a)(loga2p2—1.73375) byt (g8) T

with the coefficient of the mixing given by

2

¢ (gg) = —0.43749 - 1522 Cr + O(g0)

The result of the salls is

2

with the coefficient of the mixing given by

2
0 4
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Conserved vector and axial currents

/>
Finally, the operator tadpole gives the same result as for Wilson fermions:

Z 1
_90 Cr Yu 20 (1 - 1(1 - O‘))

The sum of all these diagrams is

2

16 +ci%(g5) T

gy, | —loga®p® — 6.80664 + (1 — a) ( log a2p? — 4.79202)

with the coefficient of the mixing given by

2

167T2

¢’ (g5) = —1.52766 - Cr 4+ O(g5)

The term proportional to ~,, exactly compensates the contribution of > (p)
from the quark self-energy (wave-function renormalization)

But what about the mixing term, proportional to I"?

We should take into account the counterterms ...
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Conserved vector and axial currents

The counterterm () i Y (x) does not modify the Ward identities
a

On the contrary, the counterterm

C 2 — ~ — ~
1490) ™S (90) 3o Un(a) (o 4 ) + 9+ ) v UL () ()
generates new terms in the Ward identities and then in the conserved currents

The additional term in the conserved vector current so generated reads

%) [ (Z%) v+ afi) + Do+ o) (Y0 ) Ule) ()]

It is easy to compute its 1-loop contribution (coefficient already of order ¢g !)

The resultis then c4(g5) T = —c"(g5)T

This exactly cancels the I" mixing term arising for the 1-loop conserved
current without counterterms

Thus, we obtain that the renormalization constant of these point-split currents

IS one — which confirms that they are conserved currents
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Conserved vector and axial currents

Let us now consider the Karsten-Wilczek action in position space:

S = a Z [% Z {E(@ (Y — iya (1 = 0pa)) Up(z) Y (x + aﬁ)

T n=1

—p(x + aft) (Yu + 74 (1 — 8,a)) U (2) w(x)} + () (mo + 3”4) w(x)]

Humboldtf U. - 31.5.2010 - p.



Conserved vector and axial currents

Let us now consider the Karsten-Wilczek action in position space:
4

5 = oS |5 3 [P (- i (1= 8. (o) o+

T pn=1

=+ o) (e + 18 (1= 8,a) Ul(@) (@) | + B(a) (mo + =) w)]

For Karsten-Wilczek fermions, application of the chiral Ward identities gives for
the conserved axial current

@ = 5

V() (%u — 174 (1 — 5u4)) V5 Uu@) Y(x + aﬁ)

+(x + ap) (v + i (1 = 8,a)) ¥5 U () w(x))

d(g5)
2

+ (@(x) vays Ua() (x + ad) + (2 + ad) yays U (2) ¢(SL’)>

Once more, is a simple expression which involve only nearest-neighbour points

We checked explicitly that its renormalization constant is one
Humboldt U. - 31.5.2010 - p.



Vacuum polarization

/>
Our focus here: the radiative corrections to the gluon propagator due to
fermion loops

Contributions to the vacuum polarization due to loops of gluons and ghosts:
iIndependent of the lattice fermionic action chosen (at one loop)

= do not provide informations relevant for hypercubic breaking

Only the fermionic loops are able to generate hypercubic-breaking terms (as it
in the end happens for both Karsten-Wilczek and Borici-Creutz fermions)

The fermionic contribution to the vacuum polarization for one flavor of Wilson
fermions (where neither breaking of hypercubic symmetry nor fermion doubling
oCcur) is

M) (p) = (pupu ~ 5xwp2> 1672 3

where Tr (t*t") = Cy 6*°

90 4
0 _Cy| — =logp®a® + 4.337002

We can see that this (gauge invariant) result satisfies the Ward identity
p“H,(j;) (p) = 0, which expresses the conservation of the fermionic current
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Vacuum polarization

For Borici-Creutz fermions (without the purely gluonic counterterm) :

2
H,(j,i) (p) = (pup,, — 5,“,p2> 90 _ -, ( 28 logp°a® + 23.6793)]

1672 3
2 ’ 95
—| (pu +p0) ;m —p° - 5uu(;p,\) 05 Cy - 0.9094

For Karsten-Wilczek fermions (without the purely gluonic counterterm) :

2
H/(j,c,) (p) = (pup,, — 5,“,p2> 0 Cs ( 8 log p°a® + 19.99468)]

1672 3

2

- (p;upu (5,u4 + 51/4) - 5;u/ <p2 5M45V4 + pi) > J0 02 . 1269766

1672
There are new terms, compared with a standard situation like Wilson fermions

Although each of these actions breaks hypercubic symmetry in its appropriate
and peculiar way, these new terms still satisfy the Ward identity p“H,(jf,) (p) =0

Very important: there are no power-divergences (1/a” or 1/a) in our results for
the vacuum polarization! Humboldt U. — 31.5.2010 - p.



Gluonic counterterms

We need counterterms also for the pure gauge part of the actions of
minimally doubled fermions

Although at the bare level the breaking of hypercubic symmetry is a feature of
the fermionic actions only, in the renormalized theory it propagates (via the
Interactions between quarks and gluons) also to the pure gauge sector

Effect: some terms in the purely gluonic parts of the action can renormalize
with different factors — then, pure gauge counterterms need to be added in the
renormalized actions to correct this imbalance

They must be of the (continuum) tr F'F' form, but with nonconventional choices
of the indices, which reflect the breaking of the Lorentz (hypercubic) symmetry

Let us consider first the Borici-Creutz case

If we choose all indices of tr F'F' to appear only once in each summmation (as
allowed by the hypercubic symmetry breaking), we can construct a
counterterm which has the continuum form

However, this is identically zero Humboldt U, — 31.5.2010 - p.



Gluonic counterterms

The next possibility is that one index is present twice in a summation (as in the
usual Einstein convention), but there are other two indices, each appearing
only once in a summation:

cr(98) ) I (@) Fpr(2)

APT
This operator is the only purely gluonic counterterm possible: choosing two
pairs of summed indices will reproduce the usual Lorentz invariant term
pr tr Fi\,(x) F\,(x), already present in the action

A possible lattice discretization: use the clover expression of the F},,, tensor

It might be also convenient to employ F/%" =ilm (1 — P,.)
At one loop this counterterm is relevant only for gluon propagators

Denoting the fixed external indices at both ends with 1 and v, all possible
lattice discretizations of this counterterm give in momentum space the same
Feynman rule:

—cp(g3) |(ou+p0) Y Pr—D° — b ( Zm)Ql

The presence of this counterterm is essential for the correct renormalization of
the vacuum polarization Humboldt U. — 31.5.2010 - p.



Gluonic counterterms

It is not hard to imagine that in the case of Karsten-Wilczek fermions the
temporal plaguettes will be renormalized differently from the other plaquettes

Indeed, the counterterm to be introduced contains an asymmetry between
these two kinds of plaquettes, and can be written in continuum form as

dp(g0) Y 1 Fpx(x) Fox(x) 5

This is the only purely gluonic counterterm needed for this action, since
iIntroducing also a d,4 in the above expression will produce a vanishing object

It is immediate to write a lattice discretization for it, using the plaquette:

p(g?) P Z(l——trPM( )

The Feynman rule for this counterterm reads

—dp(go) |[Pupv (Oua + 0va) — Suv (P° 0uadua + pi) |

and again is needed in the vacuum polarization
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Counterterms
O — |

The cancellation of the hypercubic breaking terms of the vacuum polarization

determines 5

cp(g5) = —0.9094- =2 Ca + O(g5)
2
dp(g) = —12.69766 - 12;2 C2 + O(g5)

Humboldtf U. - 31.5.2010 - p.



Counterterms
O — |

The cancellation of the hypercubic breaking terms of the vacuum polarization

determines 5

cp(gd) = —0.9094 - 12;2 Cs + O(gd)

2

go 4
—12.69766 - 162 Ca + O(go)

s

dr(go)

All counterterms remain of the same form at all orders of perturbation theory
Only the values of their coefficients depend on the number of loops

The same counterterms appear at the nonperturbative level, and will be
required for a consistent simulation of these fermions

We would now like to see how the one-loop calculations presented so far can
shed light on numerical simulations of minimally doubled fermions

These simulations will have to employ the complete renormalized actions (in
position space), including the counterterms

We can write the renormalized actions as follows:
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Simulations

For Borici-Creutz fermions

Ste = a' Z {% Z {@(w‘) (Y + ca(B) T+ i7y,) U (@) Y (x + ajp)

T u=1

(@ + aft) (v — a(8)T = iv},) UL (@) ()
F9(@) (mo+3(8) 1) w(o)

+ﬁz < trPW> +ep(B Ztr Flat (7) plat )}

p<v prp

We have redefined the coefficient of the dimension-3 counterterm, using
c3(B8) = —2 + ¢3(B) (which does not vanish at tree level)

F'** is some lattice discretization of the field-strength tensor
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Simulations

The renormalized action for Karsten-Wilczek fermions reads

2a

T pn=1

Shw = a42{i2[@(@ (L + €a(8) ba) — iva (1 = 6,a)) Upa(@) (2 + af)

(@ + i) ({1 = da(8) 8e) + i1 (1 = 8,0)) UL () ()

+5(2) (mo +ds(8) 12 ) w(x)

+8 ( tr PW> (1 +dp(f) 5#4) }

p<v
where C/z/;g(ﬁ) = 3 + ds() has a non-zero value at tree level

In perturbation theory the coefficients of the counterterms have the expansions

G(gd) =-2+cMg2 +cPgd+ .. ds(g2) — 31 dVg? +dPgt + ..
ci(gy) = AMgd+ Vgt + di(gg) = d\Vgs +dPgs + .
cr(gs) = Vgt + g8+ dp(g5) = A g +dgs + .
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Simulations
O — |

In perturbation theory the four-dimensional counterterm to the fermionic action
IS necessary for the proper construction of the conserved currents

Its coefficient, as determined from the one-loop self-energy, has exactly the
right value for which the conserved currents remain unrenormalized

One possible nonperturbative determination of ¢4 (and d4): require that the
electric charge is one , using the (unrenormalized) conserved currents

Another effect of radiative corrections is to move the poles of the quark
propagator away from their tree-level positions

It is the task of the dimension-3 counterterm, for the appropriate value of the
coefficient cs (or ds), to bring the two poles back to their original locations

An important point to remark here: only when the coefficients of ¢ I'¢) or
y4) are respectively —2i/a or 3i/a, are these actions real

Deviations from these values cause the appearance of oscillations due to the
Imaginary terms in hadronic correlators — for instance in 2-point functions

One possible way to determine the coefficients of the dimension-3
counterterms would then be to tune them in appropriate correlation functions
until these oscillations are removed Humboldt U. - 31.5.2010 - p.



Simulations
O — |

The purely gluonic counterterm for Borici-Creutz fermions introduces in the
renormalized action operators of the kind £ - B, E1 E>, BoBs (and similar)

In a Lorentz invariant theory, instead, only the terms £ and B* are allowed

Fixing the coefficient ¢, could then be done by measuring (£ - B), (E1 Es), - - -,
and tuning cp in such a way that one (or more) of these expectation values is
restored to its proper value pertinent to a Lorentz invariant theory, i.e. zero

These effects could turn out to be rather small , given that in the tree-level
action only the fermionic part breaks the hypercubic symmetry

It could also be that other derived quantities are more sensitive to this
coefficient, and more suitable for its nonperturbative determination

In general one can look for Ward identities in which violations of the standard
Lorentz invariant form, as functions of cp, occur

For Karsten-Wilczek fermions the purely gluonic counterterm introduces an
asymmetry between the plaquettes with a temporal index and the other ones

One can then fix dp by computing a plaquette or Wilson loop lying entirely in
two spatial directions, and then equating its result to an ordinary plaquette or
Wilson loop which also extends in the time direction Humboldt U. — 31.5.2010 - p.



Simulations

At the end only Monte Carlo simulations can reveal the actual amount of
symmetry breaking

This could occur to be large or small according to the observable considered

One important such quantity is the mass splitting of the charged pions relative
to the neutral pion

One must be a bit careful : thereisonlya U(1) ® U(1) chiral symmetry

Consequence: 7" is massless, as the unique Goldstone boson (for mq — 0),

but 7™ and 7 are massive

Furthermore, the magnitude of these symmetry-breaking effects could turn out
to be substantially different for Borici-Creutz compared to Karsten-Wilczek
fermions

Thus, one of these two actions could in this way be raised to become the
preferred one for numerical simulations
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On the improvement

(tree level) .
D\fNilson — §< Z’Yu ;u—"v —CL?“ZV V }
\ n=1
1
Dl = X Z%v +V5) —I—zanyMV v }
\ n=1
1
D{;W = §<Z%V +V,.) —zcmkavk}
\ pn=1

where V, ¢ (z) = £ [Uu(x) ¢ (z + ap) — ¢ (z)] is the nearest-neighbor forward
covariant derivative, and V', the corresponding backward one

All these three formulations contain a dimension-5 operator in the bare action
— we expect leading lattice artefacts to be of order «

Additional dimension-5 operators occur not only in the quark sector (e.g.,
Ty, DuDyy), butalso in the pure gauge part (€.9., >\ FuwDaFu)

When Lorentz invariance is broken, the statement that only operators with
even dimension can appear in the pure gauge action is no longer true
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Conclusions
O — |

N

e

e

°

Borici-Creutz and Karsten-Wilczek fermions are described at one loop
by a fully consistent quantum field theory

Counterterms need to be added to the bare actions

After these subtractions are consistently taken into account, the power
divergence in the self-energy is eliminated

No other power divergences occur for all quantities that we have
calculated: self-energy, Dirac bilinears and vacuum polarization

Scalar, pseudoscalar and tensor operators show no new mixings at all

Local vector and axial currents mix with new operators which are not
Invariant under the hypercubic group

The vacuum polarization does not present new divergences
Leading lattice artefacts seem to be of order «

Conserved vector and axial currents can be defined, and they involve
only nearest-neighbors points

#® they do not present mixings, and their renormalization constant is
one

® the only case (apart from staggered fermions) where one can
define a simple conserved axial current (also ultralocal)
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