
Kaon Physics with Chiral Quarks

Chris Sachrajda

School of Physics and Astronomy
University of Southampton
Southampton SO17 1BJ

UK

DESY, Zeuthen

January 25th 2010

Chris Sachrajda (UKQCD/RBC Collaboration) Zeuthen, 25/1/2010 1



A Selection of Physics Results from 2+1 Flavour Domain Wall QCD .

The work described below is part of the programme of the RBC & UKQCD
collaborations.
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1. Introduction and Preview

We use two datasets of DWF with the Iwasaki Gauge Action with a lattice spacing
of about 0.114 fm:

243 � 64� 16 (L ' 2:74fm)
(163 � 32� 16 (L ' 1:83fm) )

On the 243 lattice measurements have been made with 4 values of the light-quark
mass: ma= 0:03 (mp ' 670MeV); ma= 0:02 (mp ' 555MeV);

ma= 0:01 (mp ' 415MeV); ma= 0:005(mp ' 330MeV) :

(Using partial quenching the lightest pion in our analysis has a mass of
about 240 MeV .)

On the 163 lattice results were obtained with ma= 0:03; 0:02 and 0:01.

For the (sea) strange quark we take msa = 0:04, although a posteriori we see that
this is a little too large.

We are currently analysing an ensemble on a 323 � 64� 16 lattice with a ' 0:081fm
(L ' 2:6 fm) with three dynamical masses (mp ' 310; 365and 420MeV).

This will enable us to reduce the discretization errors signi�cantly.

Some preliminary results were presented at Lattice 2008, 2009 and elsewhere.
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Global Chiral and Continuum Fits

Imagine an idealized situation where simulations are possible at all quark masses
for a variety of bs (b = b i , i = 1;2; � � � ;N). We can choose to �x mud(bi ), ms(bi ) and
a(bi ) by requiring that 3 physical quantities take their physical values. This
de�nes a Scaling Trajectory.

– We use mp , mK and mW.

We can then calculate other physical quantities (f p (bi), BK(bi), � � � ). These will
have lattice artefacts of O(a2

i L 2
QCD) and we imagine extrapolating the results to

the continuum limit.

At present however, we have to extrapolate to the physical values of m ud (and
interpolate to ms). We have invested considerable effort in de�ning and
performing global �ts in which we keep physical Low Energy Cons tants at all
(both) bi and yet treat the artefacts consistently. ALMOST DONE.

O(m2
p=L 2

c ); O(a2L 2
QCD)

p
; O((mp=L c )4); O(a2m2

p ); O((aL QCD)4) � � � � :

– We use other ansatz also.
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Preview – Determination of Vus

K`2 Decays: G(K ! mn̄(g))
G(p ! mn̄(g))

=
jVusj2

jVudj2
f 2
K

f 2
p

mK

�
1�

m2
m

m2
K

�

mp

�
1�

m2
m

m2
p

� � 0:9930(35)

From the experimental ratio of the widths we get:

jVusj2

jVudj2
f 2
K

f 2
p

= 0:07602(23)exp(27)RC PDG2006; [0:07617(33) Flavianet, arXiv:0801.1817]

so that a precise determination of f K=fp will yield Vus=Vud .

K`3 Decays

GK! p`n = C2
K

G2
Fm5

K
192p3 I SEW[1+ 2DSU(2) + DEM] jVusj2 jf+ (0)j2

From the experimental measurement of the width we get:

jVusj f+ (0) = 0:2169(9) PDG2006; [0:21661(47) Flavianet, arXiv:0801.1817]

so that a precise determination of f + (0) will yield Vus.
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Preview – Vus from Lattice Simulations – A.Jüttner – Lattice 2007

0.225

0.23

0.97 0.975

0.225

0.23

0.97 0.975
Vud

V
us

Vud (0+ 5  0+)

Vus (K l3)

fit with unitarity

fit

Vus
/Vud

 (K m2
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LATTICE 2007
f+(0) = 0.9644(49)
fK/fp = 1.198(10)

f Kp
+ (0) = 0:9644(33)(34)

) jV usj = 0:2247(12)

fK
fp

= 1:198(10)

) jV usj = 0:2241(24)

A.Jüttner, Lattice 2007

Our �nal result from the K `3 project is

f Kp
+ (0) = 0:964(5) :
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Preview – Results in the Standard Model

FLAG – Preliminary

We have already seen the two precise results:
�
�
�
�
VusfK
Vud fp

�
�
�
� = 0:27599(59) and jVusf+ (0)j = 0:21661(47)

Flavianet – arXiv:0801.1817

We can view these as two equation for the four unknowns f K=fp , f+ (0), Vus and
Vud .

Within the Standard Model we also have the unitarity constraint:

jVudj2 + jVusj2 + jVubj2 = 1

Thus we now have 3 equations for four unknowns.

There has been considerable work recently in updating the determination of V ud
based on 20 different superallowed transitions. Hardy and Towner, arXiV:0812.1202

jVudj = 0:97425(22) :

If we accept this value then we are able to determine the remaining 3 unknowns:

jVusj = 0:22544(95); f+ (0) = 0:9608(46);
fK
fp

= 1:1927(59) :
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2. Chiral Fits

Much effort is being devoted to the comparison of lattice data to the predictions of
ChPT and PQChPT (in which the masses of the valence and sea quarks are
different - S.R.Sharpe and N.Shoresh, [hep-lat/0006017]) to the meson masses and decay
constants.

Since (after tuning) ms can be kept at the physical value we can use either SU(3)
or SU(2) ChPT.

Not surprisingly, �tting the complete range of our data to ChPT are poor gives
poor c 2/dof.

For meson masses . 415MeV the �ts are good,

but ....
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Comparison of Results obtained using SU(2) and SU(3) ChPT

160

140
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f

100
f0

80
42023302250214020

fPS [MeV]

m2
PS [MeV2]

fp

mll = 331 MeV
mll = 419 MeV

SU(2) fit
SU(3) fit

RBC/UKQCD, arXiv:0804:0473

Study is performed at NLO in the
chiral expansion.

black points - partially quenched
results with aml = 0:01
(munitary

p ' 420MeV).

red points - partially quenched
results with aml = 0:005
(munitary

p ' 330MeV).

We �nd:
fp=f ' 1:08; f =f0 = 1:23(6) :

The corresponding results from the MILC collaboration, who do an NNLO analysis
(partly in staggered chiral perturbation theory), with NNNLO analytic terms:

fp=f = 1:052(2)
�

+ 6
� 3

�
; f =f0 MILC = 1:15(5)

�
+13
�3

�
;

The large value of fp=f0 (and even larger values of f PS=f0 of � 1:6 where we have
data) lead RBC/UKQCD (and ETMC) to present results based on SU(2)� SU(2)
ChPT.
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l̄3 and l̄4

m2
p = cl

(

1+
cl

16p2f 2

 

64p2lr3 + log

"
cl

L 2
c

#!)

� cl

�
1�

cl

16p2f 2 l̄3

�

fp = f

(

1+
m2

p
8p2f 2

 

16p2lr4 � log

"
m2

p

L 2
c

#!)

� f
�

1+
m2

p
8p2f 2 l̄4

�

“Phenomenological Indirect Determinations":

l̄3 = 2:9� 2:4; Gasser&Leutwyler (1984); l̄4 = 4:4� 0:2; Colangelo, Gasser, Leutwyler (2001)
G.Colangelo – Kaon2007

Lattice Determinations:

Collaboration Paper l̄3 l̄4
MILC hep-lat/0611024 0.60(12) 3.9(5)
MILC arXiv:0710.1118 2.85(7)(?) –

RBC/UKQCD arXiv:0804.3971 3.13(33)(24) 4.43(0.14)(77)
PACS-CS arXiv:0810.0351 3.14(23) 4.09(19)

Del Debbio et al. hep-lat/0610059 3.0(5)(1) –
ETM hep-lat/0701012 3.44(8)(35) 4.61(4)(11)

JLQCD/TWQCD arXiv:0806.0894 3.38(40)(24)(+31
�0 ) 4.12(35)(30)(+31

�0 )
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l̄3 and l̄4 from FLAG (Preliminary)
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Kaon cPT

Applying SU(2) � SU(2) cPT transformations to kaons, only the u and d quarks
transform ) cPT formalism must be extended.

Roessl has introduced the corresponding Lagrangian for the interactions of kaons
and pions in order to study Kp scattering near threshold.

A.Roessl, hep-ph/9904230

x = exp(if =f ) ) LxU† = UxR† and K = ( K+ ;K0)T ! UK .

There are overlaps with Heavy Meson Chiral Perturbation Theory, but an
important difference is that mK � 6=mK , whereas in the heavy quark limit mB� = mB .

M.B.Wise, Phys.Rev D45 (1992) 2188

G.Burdman and J.Donoghue, Phys.Lett. B280 (1992) 287

We have derived the chiral behaviour of m 2
K , fK and BK in the unitary and partially

quenched theories and have used the results in our phenomenological studies.

ms is considered to be of O(L QCD) so that the expansion is in m2
p=m2

K as well as
m2

p=L 2
c .

m2
K=L 2

c effects however, are fully absorbed into the LECs of SU(2) � SU(2) cPT.
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Chiral Behaviour of m2
K and fK

For fK and m2
K we use PQ SU(2) � SU(2) cPT keeping the light valence quark

amud < 0:01 and ams = 0:04.
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Our preliminary result is

fK=fp = 1:205(18)stat(62)syst (! 1:205(18)stat(40)syst)

to be compared with A.Jüttner's best lattice value of 1.198(10) .
Syst. error dominated by lack of continuum extrapolation (! chiral extrapolation).
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fK=fp FLAG Compendium – Preliminary

1.14

1.14

1.16

1.16

1.18

1.18

1.2

1.2

1.22

1.22

1.24

1.24

1.26

1.26

fK/fp

-4

-2

0

2

4

6

8

10

12

Nf = 2+1

Nf = 2+1

Nf = 2+1

Nf = 2+1

Nf = 2+1

Nf = 2

Nf = 2+1

Nf = 2+1

MILC 04

RBC/UKQCD 07

NPLQCD 07

HPQCD/UKQCD 08

BMW 08

ETM 08A

ETM 09

PACS-CS 08

our estimate

nuclear b decay

semi-inclusive t  decay

Nf = 2

AUBIN 08

MILC 09

Nf = 2+1

Nf = 2 QCDSF/UKQCD 07

Chris Sachrajda (UKQCD/RBC Collaboration) Zeuthen, 25/1/2010 15



3. K`3 Decays

K p

leptons

s u

) Vus

hp(pp ) js̄gmuj K(pK ) i = f0(q2)
M2

K � M2
p

q2 qm+ f+ (q2)
�
(pp + pK )m�

M2
K � M2

p
q2 qm

�

where q � pK � pp .
To be useful in extracting Vus we require f0(0) = f+ (0) to better than about 1% precision.

cPT) f+ (0) = 1+ f2 + f4 + � � � where fn = O(Mn
K;p;h ).

Reference value f+ (0) = 0:961� 0:008 where f2 = � 0:023 is relatively well known from
cPT and f4; f6; � � � are obtained from models. Leutwyler & Roos (1984)
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1% precision of f + (0) is conceivable because it is actually 1� f + (0) which is computed:
Bećirević et al. [hep-ph/0403217] based on S.Hashimoto et al. [hep-ph/9906376] for B ! D Decays

The starting point is the evaluation of the matrix elements at q 2
max, i.e. with the

pion and kaon at rest:

hp js̄g4ujKihKjūg4sjp i
hp jūg4ujp ihKjs̄g4sjKi

=
h
f0(q2

max)
i 2 (mK + mp )2

4mKmp
:

f0(q2
max) is obtained with excellent precision.

163 � 32 243 � 64

amud q2
max (GeV2) f0(q2

max) q2
max (GeV2) f0(q2

max)

0.03 0.00233(4) 1.00035(3) 0.00235(4) 1.00029(6)

0.02 0.01178(24) 1.00241(19) 0.01152(20) 1.00192(34)

0.01 0.03475(66) 1.01436(81) 0.03524(62) 1.00887(89)

0.005 – – 0.06070(107) 1.02143(132)
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SU(2) ChPT and f0(q2
max)

amud mp q2
max (GeV2) f0(q2

max)

0.03 670 MeV 0.00235(4) 1.00029(6)

0.02 555 MeV 0.01152(20) 1.00192(34)

0.01 415 MeV 0.03524(62) 1.00887(89)

0.005 330 MeV 0.06070(107) 1.02143(132)

In the SU(2) chiral limit, mud = 0, we have the Callan-Treiman Relation

f0(q2
max) =

fK
fp

' 1:26:

We have investigated whether the difference of the numbers in the table and 1.26
can be understood using SU(2) ChPT. J.Flynn & CTS

The one-loop chiral logarithms have a large coef�cient and a re of the correct
size to account for the difference. However they have the wrong sign!
There are linear and quadratic terms in m p .
They cannot be calculated in SU(2) ChPT, but estimating the LECs by
converting results from SU(3) ChPT suggests that these terms have the
correct sign and magnitude to account for the difference.
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HPQCD B ! p Form Factors in the Chiral Limit
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q

2
 (GeV

2
)

0
0.2
0.4
0.6
0.8

1
1.2
1.4
1.6
1.8

2
2.2
2.4
2.6
2.8

3

previous f+ and f0
new f+
new f0

E.Gulez et al.
hep-lat/0601021

The Callan-Treiman relation can be generalised to the f 0 form factor for other
�avours (and in the static theory) in the SU(2) Chiral limit.

f 0
D! p (q2

max) �!
m2

p ! 0

f (D)

f
and f 0

B! p (q2
max) �!

m2
p ! 0

f (B)

f
;
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163 � 32 243 � 64

amud q2
max (GeV2) f0(q2

max) q2
max (GeV2) f0(q2

max)

0.03 0.00233(4) 1.00035(3) 0.00235(4) 1.00029(6)

0.02 0.01178(24) 1.00241(19) 0.01152(20) 1.00192(34)

0.01 0.03475(66) 1.01436(81) 0.03524(62) 1.00887(89)

0.005 – – 0.06070(107) 1.02143(132)

Having obtained f0(q2
max) we need to extrapolate in q 2 and mud.

Note that for heavier values of mud, q2
max is close to zero.

Conventionally the q2 extrapolation is done by calculating the form factors with

j~pK j or j~pp j = pmin or
p

2pmin ;

where pmin = 2p=L and L is the spatial extent of the lattice.
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f0(q2) for the four values of mud
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q2 and Chiral Extrapolations

There are a number of ChiPT-motivated extrapolation ansatze available. For our
central values we use a simultaneous �t to the q 2 and chiral behaviour:

f0(q2;m2
p ;m2

K) =
1+ f2 +( m2

K � m2
p )2(A0 + A1(m2

K + m2
p ))

1� q2=(M0 + M1(m2
K + m2

p ))2
;

where f2 is known and A0; A1; M0; M1 are �t parameters.

The spread of results obtained with this simultaneous above, the polynomial �t

f0(q2;m2
p ;m2

K) = 1+ f2 +( m2
K � m2

p )2(A0 + A1 + A2(m2
K + m2

p ))

+( A3 +( 2A0 + A1)(m2
K + m2

p )) q2 +( A4 � A0 + A5(m2
K + m2

p )) q4 ;

and the z-�t form of Hill (hep-ph/0607108) are used to estimate the systematic errors.

It would be particularly interesting to have the NNLO results in a form useful for
these extrapolations. Bijnens et al. – Work in Progress.

Chris Sachrajda (UKQCD/RBC Collaboration) Zeuthen, 25/1/2010 22



q2 and Chiral Extrapolations – Cont.

Simultaneous pole �t to our 243

data.

f0(q2;mlatt
p ;mlatt

K ) –

f0(q2;mphys
p ;mphys

K )
has been subtracted from the
lattice data.

Fit shown is at physical masses.

f0(0) as a function of the pion
masses with the simultaneous �t.

1+ f2 is not a good approximation
to f0(0).

Our �nal answer:

f0(0) = 0:964(5)
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FLAG Compendium – Preliminary
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Vud

Vud = 0:97372(10)(15)(19)
W.Marciano, Kaon2007
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f
+
Kp(0) =0.9644(47)
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K
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p
 =1.198(10)

Vud = 0:97424(23)
I.Towner and J.Hardy, CKM(2008)

Courtesy of Flavianet Kaon WG and A.Jüttner

The uncertainties on jVudj2 and jVusj2 are comparable!
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ChPT at q2 = 0

We also argue that information can be obtained at values of q 2 where the external
pion is not soft, such as at the reference point q 2 = 0. J.Flynn, CTS, arXiV:0809.1229.

f 0(0) = f + (0) = F+

�
1�

3
4

m2
p

16p2f 2 log
�

m2
p

m2

�
+ c+ m2

p

�

f � (0) = F�

�
1�

3
4

m2
p

16p2f 2 log
�

m2
p

m2

�
+ c� m2

p

�
:

"Leading" higher-order contributions to the vector current can be reduced to the
lowest order term by the use of the equations of motion, for example:

0 = ¶2hp(pp ) j (DmK)†(x � x†)hj K̄(pK ) i

= hp(pp ) j (D2DmK)†(x � x†)h+ 2(DnDmK)†Dn(x � x†)h+ ( DmK)†D2(x � x†)h j K̄(pK ) i

It is possible to calculate the chiral logarithm because this comes from a soft
internal loop.

The approach can be applied at other values of q 2.

This idea has recently been extended to K ! pp decays.
J.Bijnens and A Celis, arXiV:0906.0302; J.Bijnens, Chiral Dynamics 2009.
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ChPT at q2 = 0 (Cont.)

f0(0) = f+ (0) = F+

�
1�

3
4

m2
p

16p2f 2 log
�

m2
p

m2

�
+ c+ m2

p

�

f� (0) = F�

�
1�

3
4

m2
p

16p2f 2 log
�

m2
p

m2

�
+ c� m2

p

�
:

Since the chiral extrapolation is a major source of systematic uncertainty for the
lattice determination of V us from K`3 decays, it is important to have all the possible
theoretical information to guide us.

It would be useful to know the result at NNLO.

It would be reassuring to con�rm that it is possible to develo p an effective theory
in which hard and soft pions are separated.
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Improvements – Eliminating the Interpolation in q2

The momentum resolution with conventional methods is very poor:

On the present lattice:

L = 24a with a� 1 = 1:73GeV )
2p
L

= :45GeV

Using twisted boundary conditions

q(xi + L) = eiqi q(xi )

the momentum spectrum is modi�ed (relative to periodic bcs)

pi = ni
2p
L

+
qi

L
:

For quantities which do not involve Final State Interactions (e.g. masses, decay
constants, form-factors) the Finite-Volume corrections are exponentially small
also with Twisted BC's. CTS & G. Villadoro (2004)

Moreover they are also exponentially small for partially twisted boundary
conditions in which the sea quarks satisfy periodic BC's but the valence quarks
satisfy twisted BC's. CTS & G. Villadoro (2004); Bedaque & Chen (2004)

We do not need to perform new simulations for every choice of f q i}.
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Examples of Dispersion Relations with Twisted Boundary Condit ions

�
	 � 	 	 � 0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04 0.045
0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

(a
E

)s
q

(ap)sq

Kaon(0.04)
Kaon(0.03)
Pion

�
2p
24

� 2

= 0:0685:

For a detailed study using older N f = 2 improved Wilson con�gurations see:
J.Flynn, A.Jüttner, CTS, Phys.Lett.B632 (2006) 313 [hep-lat/0506016].
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Improvements – Eliminating the Interpolation in q2 Cont.

K p

leptons

s u

) Vus

By tuning the twisting angles appropriately it is possible to calculate the matrix
element at q2 = 0 directly (or at any other required value of q 2) .

P.A.Boyle, J.M.Flynn, A.Jüttner, CTS, and J.M.Zanotti, [hep-lat/0703005]

By calculating:

hp(~0) j V4 j K(~qK ) i with j~qK j = L

s �
(m2

K + m2
p )

2mp

� 2

� m2
K

and

hp(~qp ) j V4 j K(~0) i with j~qp j = L

s �
(m2

K + m2
p )

2mK

� 2

� m2
p

we obtain the form factors directly at q 2 = 0.
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Improvements – Eliminating the Interpolation in q2 Cont.

The feasibility of this method was demonstrated on a subset of con�gurations on
a 163 � 32 lattice at two values of mud.

P.A.Boyle, J.M.Flynn, A.Jüttner, CTS, and J.M.Zanotti

We are currently using partially twisted boundary conditions to get f 0(0) for our
lightest quark mass (ma= 0:005) directly at q2 = 0.

f0(0) = 0:9774(35) (pole �t) and f0(0) = 0:9749(59) (quadratic �t)

quoted in the paper. Our preliminary result computing the form-factor directly at
q2 = 0 is

f0(0) = 0:974(4) ; f� (0) = � 0:113(12)

J.M.Flynn et al, arXiV:0812.6265 [hep-lat]

The “�nal" result: f0(0) = 0:9757(44).
P.A.Boyle et al., in preparation

In our �nal result for the physical
f0(0) = 0:9644(33)(34)(14), 34 was
due to the model dependence.
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EM Form Factor of a Pion with Mass 330 MeV

Twisted boundary conditions were previously applied to K `3 decays (although not
directly at q2 = 0) in a quenched simulation.

D.Guadagnoli, F.Mescia and S,Simula, [hep-lat/0512020]

We have studied the electromagnetic form factor of a pion with mass 330 MeV at
small momentum transfers and use NLO ChPT to determine the form factor of a
physical pion.
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The Pion EM Form Factor at Small q2.
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experimental data NA7
lattice data for mp = 330MeV
SU(2) NLO lattice-�t; mp = 330MeV
SU(2) NLO lattice-�t; mp = 139:57MeV
1+ 1

6hr2
p i PDGQ2

NLO ChPT has one LEC (l r
6) which governs the q2 and m2

p behaviour.

q2 behaviour of FF atmp = 330MeV ) lr6 ) Physical FF:

We �nd: P.A.Boyle et al., arXiv:0804.3971

hr2
p i = 0:418(31) fm2 ;

to be compared to the PDG value hr 2
p i = 0:452(11) fm2 :
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4. BK
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-1
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sin 2b
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�
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Dms
 w Dmd
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BVub/VcbB

sin 2b

sol. w/ cos 2b 
  0
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L  

�

 0.95

a

bg

r

h

excluded area has CL �  0.95

jeK j = ( 2:232� 0:007) 10�3 0.3%
precision

BK known to 16% precision )
physics information severely
limited by theoretical uncertainty.

G.Sciolla (Kaon 2007)

Flavour and Chiral symmetry properties of DWF well suited to this calculation.

DS= 2 operator renormalises multiplicatively and is renormalized
nonperturbatively.

Again it is found that SU(2) L � SU(2)R (PQ)ChPT should be used:

BK = B(K)
0

(

1+
b1cl

f 2 +
b2cx

f 2 �
cl

32p2f 2 log
cx

L 2
c

)

Kaons with ms 6=md are used and the chiral behaviour in m d is �t successfully.
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BK
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B
P 16

3
 unitary

24
3
 unitary

24
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 ml=0.01 (PQ)

24
3
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16
3
 linear fit

24
3
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24
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 SU(2) fit (PQ)
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0.5
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0.65
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B
K

Iwasaki + DWF 2+1f
DBW2 + DWF 2f
DBW2 + DWF 0f
AsqTad staggered 2+1 f
Iwasaki + DWF 0f

BMS
K (2GeV) = 0:524(10)(28); B̂K = 0:720(13)(37) :

RBC/UKQCD

Systematic error includes estimates of �nite-volume effec ts, discretization errors,
interpolation to the physical strange quark mass and ChPT.

Calculation at a second lattice spacing (in progress) will reduce the estimated 4%
discretization error (which is the largest component of the quoted systematic
error).
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B̂K Compilation - L.Lellouch, Lattice 2008

N f = 2

N f = 2 + 1

JLQCD (08)

ETM (08)

HPQCD-UKQCD (06)

RBC-UKQCD (08)

B̂K = 0 :725� 0:050

.65 .7 .75 .8 .85 .9

1

L.Lellouch, Lattice 2008

RBC-UKQCD (2007-8) B̂K = 0:720(13)(37)

Aubin, Laiho, Van de Water, B̂K = 0:724(8)(28), (DWF/Staggered Mixed Action)
arXiv:0905.3947

Continuum Limit of BK from 2+1 Flavour Domain Wall QCD,
RBC-UKQCD in preparation.
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Tension in the Unitarity Triangle

B̂K = 0:720(13)(37) :
This low result for B̂K is contributing to the tension in the Unitarity Triangle.

For example, the recent analysis of Lunghi and Soni, [arXiv:0803.4340] takes

B̂K = 0:720(13)(37); x =
fBs

q
B̂Bs

fBd

q
B̂Bd

= 1:20� 0:06 andjVcbj = (40 :6� 0:6) � 10�3

(PDG 2008 quote Vcb = ( 41:2� 1:1)10� 3) to predict

sin(2b )prediction
no Vub

= 0:87(9)

.

The direct experimental result is sin(2b ) direct = 0:681(0:025) .

In order to reduce the discrepancy to 1s they would need either

B̂K ! 0:96(4) or x ! 1:37(6) or jVcbj ! (44:3� 0:6) � 10�3 :

By including Vub = ( 37:2� 2:7) � 10� 4, the prediction becomes
sin(2b )prediction

with Vub
= 0:75(4).

See also J.Laiho, E.Lunghi and R.Van de Water, arXiv:0910.2928[hep-ph].
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BK – Current Work

We are almost completed the full analysis of B K on our �ner lattice and hence to
be able to compute the continuum extrapolation.
We are waiting to complete the full chiral analysis and determine the lattice
spacing and physical quark masses.

We are currently repeating the procedure for all the possible dimension 6 DS= 2
operators which contribute in extensions of the standard model.

We have been generalizing the Rome-Southampton Non-Perturbative
Renormalization method (RI-MOM) to non-exceptional momenta.

p p

ȳ Gy

! p1 p2

ȳ Gy

p2
1 = p2

2 = ( p1 � p2)2
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Evidence for small chiral symmetry breaking
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L S and L P.

Y.Aoki arXiv:0901.2595 [hep-lat]

We have also renormalized ODS= 2 using non-exceptional momentum
con�gurations.
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5. Direct Calculations of K ! pp Decay Amplitudes

To make progress we need to be able to calculate K ! pp matrix elements
directly and the RBC/UKQCD Collaboration is undertaking a major study.
T.Blum, P.Boyle, D. Broemmel, J. Flynn, E. Goode, T. Izubuchi, C. Kim, M. Lightman, Qi Liu,

R. Mawhinney, N. Christ, C. Sachrajda, A. Soni.

The main theoretical ingredients of the infrared problem with two-pions in the
s-wave are now understood.

Two-pion quantization condition in a �nite-volume

d(q� )+ f P(q� ) = np ;

where E2 = 4(m2
p + q� 2), d is the s-wave pp phase shift and f P is a kinematic

function. M.Lüscher, 1986, 1991, � � � .

The relation between the physical K ! pp amplitude A and the �nite-volume
matrix element M

jAj2 = 8pV2 mKE2

q� 2

�
d0(q� )+ f P0(q� )

	
jMj2 ;

where 0denotes differentiation w.r.t. q � .
L.Lellouch and M.Lüscher, hep-lat/0003023; C.h.Kim, CTS and S.Sharpe, hep-lat/0507006;

N.H.Christ, C.h.Kim and T.Yamazaki hep-lat/0507009
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6. K ! pp Decays

For I = 2 �nal states, by using twisted boundary conditions it is possi ble to
calculate Epp and hence the scattering phase-shift for a range of momenta and
hence obtain the derivative of the phase-shift and compute the �nite-volume
corrections. C.h.Kim and CTS (in preparation)

We are starting a major project to calculate the DI = 3=2 K ! pp Decay
Amplitudes. There are no signi�cant obstacles to completin g this.

– An exploratory quenched study with improved Wilson fermions was
completed in 2004 but at the time we did not understand the Finite-Volume
corrections at non-zero total momentum.

P. Boucaud, V. Gimenez, C. J. D. Lin, V. Lubicz, G. Martinelli, M. Papinutto and C. T. Sachrajda,

Nucl. Phys. B 721 (2005) 175

– The �rst results of an exploratory quenched study with Domain W all
Fermions were presented at Lattice 2009.

M.Lightman and E.J.Goode, arXiv:0912.1667
Novel features included:

using the Wigner-Eckart Theorem:

I= 2hp+ (p1)p0(p2) jO3=2j K+ i =
3
2

hp+ (p1)p+ (p2) jO03=2j K+ i ;

where O0;3=2 has the �avour structure (s̄d) ( ūd).
using antiperiodic boundary conditions so that the �nal sta te is
hp+ (p=L)p+ (� p=L) j . C-h Kim, Ph.D. Thesis
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K ! (pp)I= 2 - Evaluating the LL Factor

C.h. Kim and CTS

Use the Wigner-Eckart Theorem to relate the physical K ! p + p0 matrix element
to that for K ! p + p+

I= 2hp+ (p1)p0(p2) jO3=2j K+ i =
3
2

hp+ (p1)p+ (p2) jO03=2j K+ i ;

Calculate the K ! p + p+ matrix element with the u-quark with twisted boundary
conditions with twisting angle q.

Perform a Fourier transform of one of the pion interpolating operators with
additional momentum � 2p=L.
The ground state now corresponds to one pion with momentum q=L and the other
with momentum (q � 2p)=L.

The corresponding pp s-wave phase-shift can then be obtained by the Lüscher
formula as a function of q ) this allows for the derivative of the phase-shift to be
evaluated directly at the masses being simulated.

We have carried this procedure out in an exploratory calculation. Fig

Unfortunately this technique does not work for K ! (pp) I=0 decays.
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Exploratory Evaluation of the Lellouch-Lüscher Factor

C.h.Kim and CTS, in preparation
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K ! (pp)I= 2 - Evaluating the LL Factor

C.h. Kim and CTS

Use the Wigner-Eckart Theorem to relate the physical K ! p + p0 matrix element
to that for K ! p + p+

I= 2hp+ (p1)p0(p2) jO3=2j K+ i =
3
2

hp+ (p1)p+ (p2) jO03=2j K+ i ;

Calculate the K ! p + p+ matrix element with the u-quark with twisted boundary
conditions with twisting angle q.

Perform a Fourier transform of one of the pion interpolating operators with
additional momentum � 2p=L.
The ground state now corresponds to one pion with momentum q=L and the other
with momentum (q � 2p)=L.

The corresponding pp s-wave phase-shift can then be obtained by the Lüscher
formula as a function of q ) this allows for the derivative of the phase-shift to be
evaluated directly at the masses being simulated.

We have carried this procedure out in an exploratory calculation. Fig

Unfortunately this technique does not work for K ! (pp) I=0 decays.
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Preliminary DI = 3=2 Matrix Elements

K p

p

O0

s

We have been using an
exploratory quenched study to
learn about suitable parameters
for the main simulation.

The plots show the matrix
elements as a function of the t for
the insertion of the operator.
tpp = 0, tK = 24.
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Quenched RBC-UKQCD Study, Courtesy of E.Goode
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Two-pion correlation functions

0 t
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For I=2 pp states the correlation function is proportional to D-C.

We are also exploring whether it will be feasible to compute the DI = 1=2 K ! pp
Decay Amplitudes.

For I=0 pp states the correlation function is proportional to 2D+C-6R+3V.

The major practical dif�culty is to subtract the vacuum cont ribution with suf�cient
precision.
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Two-pion Correlation Functions (Cont.)
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6. Conclusions and Prospects

I have presented a selection of the phenomenological lattice studies being
undertaken in kaon physics by RBC/UKQCD.

The lattice community is beginning to make strong contact with Chiral
Perturbation Theory and to determine the low energy constants with
unprecedented precision.

The RBC/UKQCD research programme is now moving onto a �ner lattic e )
information about the continuum extrapolation.

We will continue to extend the range of quantities being computed:
{K ! pp decays; Heavy Quark Physics.}

We are undertaking a major K ! pp study.
T.Blum, P.Boyle, D. Broemmel, J. Flynn, E. Goode, T. Izubuchi, C. Kim, M. Lightman, Qi Liu,

R. Mawhinney, C. Sachrajda, A. Soni.

For I = 2 �nal states, by using twisted boundary conditions it is possi ble to
calculate Epp and hence the scattering phase-shift for a range of momenta
and hence obtain the derivative of the phase-shift and compute the
Lellouch-Lüscher �nite-volume corrections. C.h.Kim and CTS
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Conclusions and Prospects Cont.
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+ (0) = 0:9644(33)(34)

) jV usj = 0:2247(12)

fK
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) jV usj = 0:2241(24)

A.Jüttner, Lattice 2007

Our �nal result from the K `3 project is

f Kp
+ (0) = 0:964(5) :

P.A.Boyle et al. [RBC&UKQCD Collaborations – arXiv:0710.5136 [hep-lat]]
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Summary of Main Results

f = 114:8(4:1) stat(8:1)systMeV

BMS(2GeV) = 2:52(0:11)stat(0:23)ren(0:12)systGeV

SMS(2GeV) =
�
255(8)stat(8)ren(13)systMeV

� 3

l̄3 = 3:13(0:33)stat(0:24)syst

l̄4 = 4:43(0:14)stat(0:77)syst

mMS
ud (2GeV) = 3:72(0:16)stat(0:33)ren(0:18)systMeV

mMS
s (2GeV) = 107:3(4:4)stat(9:7)ren(4:9)systMeV

ms=mud = 28:8(0:4)stat(1:6)syst

fp = 124:1(3:6)stat(6:9)systMeV

fK = 149:6(3:6)stat(6:3)systMeV

fK=fp = 1:205(0:018)stat(0:062)syst

BMS
K (2GeV) = 0:524(0:010)stat(0:013)ren(0:025)syst
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